Mathematica 11.3 Integration Test Results

Test results for the 293 problems in "7.2.5 Inverse hyperbolic cosine
functions.m"

Problem 4: Result unnecessarily involves imaginary or complex numbers.
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Problem 7: Result unnecessarily involves imaginary or complex numbers.
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Problem 11: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 12: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.
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Problem 13: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 17: Result unnecessarily involves imaginary or complex numbers.
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Problem 20: Result unnecessarily involves imaginary or complex numbers.
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Problem 24: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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e eAr‘cCosh[c X]
6 ArcCosh[c x] Polylog|2, - |+
cd+Vc?d?-e?
e eAr‘cCosh[c X] e eAr‘cCosh[c X]
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Problem 25: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 4, 279 leaves, 10 steps):

ArcCosh[c x]
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+
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2
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1
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Problem 26: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

] ] - PolylLog [2,
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-cd+e) Tanh[%Ar‘cCosh[c x] | J
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Log[|(cd+e) |[cd-e+iy/-c*d®+e’ (—1+Tanh[lAr‘cCosh[cx]} ]/
2
elcd+e+1i/-c?d?+e? Tanh[lAr‘cCosh[cx” )]—

2

cd (-cd+e) Tanh[%Ar‘cCosh[cx]]
ArcCos |- —] - 2 ArcTan]|

e V-c2d?+e?
1
~cd+e+in/-c*d*+e? | [1+Tanh|[ = ArcCosh[cx] |
2
1
cd+e+in-c?d?+e? Tanh|[ = ArcCosh[cx] | )]+
2
1
(cd—jm/—czd2+e2) (cd+e—ixl—c2d2+e2 Tanh|[ = ArcCosh[c x] |
2
1
cd+e+in-c?d?+e? Tanh|[ = ArcCosh[cx] | )}—
2
1
Polylog|2, ([cd+ix/—c2d2+e2 [cd+e—1’1x/—c2d2+e2 Tanh[ = ArcCosh[c x] |
2

il

Log|[|(cd+e)

|/

e

i [PolyLog|2,

|/

e

|/

e

1
cd+e+in/-c?d?+e? Tanh[ = ArcCosh[cx] |
2

Problem 35: Attempted integration timed out after 120 seconds.

1
dx
J(d+ex>2 (a+bArcCosh[cx])?

Optimal (type 8, 21 leaves, 0steps):

Int[ !

, X
(d+ex)2(aerAr‘cCosh[cx])2 )
Result (type 1, 1leaves):

2P

Problem 38: Result more than twice size of optimal antiderivative.

J(d +ex)" (a+bArcCosh[cx]) dx

Optimal (type 6, 125leaves, 3 steps):

lﬁb(cd+e)\/1+7cx(d+ex)m(c(d+ex> :

ce (1+m)

cd+e

(1-cx), e(1-cx) N (d+ex)™" (a+bArcCosh[cx])

1 1 3
AppellFl[f, - -1-m, —,
2 2 2

N |

cd+e e(1+m)
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Result (type 6, 715leaves):

a(drex)™™ 1 ~1+cx
—————+~-b||12cd (cd+e)
e(1+m) c 1+cx
d -1 m -1
[c re+e(-1+cx) AppellFl[l,1,—m,i,l(1—cx),—e< +cx)]/
c 2 2 2 2 cd+e
1 3 e (-1+cx)
e(1+m) |-6 (cd+e) AppellF1|—, =, -m, =, = (1-cX), - -
2 2 2 2 cd+e
3 1 5 1 e(-1+cx)
4em (-1+cx)AppellF1[ =, =, 1-m, =, = (1-cx], - +
2 2 2 2 cd+e
-1
(cd+e) (—1+cx)Appe11F1{i z,—m, E,—(l—cx),—e< +ex) o1
2 2 2 cd+e 1+m

2 (cd+e) (d+ex)" {(\/1+cx V1+cx AppellFl[l, —1, -m, 3
2 2

1 1
(6 (cd+e) AppellFl[;, Ep——

3 1
dem (- 1+cx)AppellF1[£ -=,1-m,

3 1
(cd+e) (-1+cx) AppellF1|[=, =, -m, — -
2

3 1 cx e-cex
( 6 (cd+e AppellFl[ =, -m, =, ===, -
2 2 2 2 cd+e
3 1 5 1 c¢cx e-cex
dem (- 1+cx)AppellF1[f =, 1-m, =, —- , +(cd+e) (-1+cx)
2 2 2 2 2 cd+e

(d+ex)" (cd+cex) ArcCosh[cx]
e (1+m)

Problem 45: Result unnecessarily involves imaginary or complex numbers.
ArcCosh[a x]
Ji dx

c+dx?

Optimal (type 4, 481 leaves, 18 steps):
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ArcCosh[ax] Log[1 - =< ™| arcCosh[ax] Log[1 + ~{L<™

av/c [ -atcd av=c -/ -a?c-d
2+/-c /d 2+/-c /d

ArcCosh[ax] Log|[1 - M] ArcCosh[ax] Log |1+ d_ehrecoshiay)
avcwf atcd av/—c +[-atcd

2v/-c /d 2+/-c \d
T orconnn_| g hrecoshiax

av—c -atc-d . av—c -atcd

2+/-c Jd 2+/-¢c \/d

Polylog[2, - (™™ | polylog[, —L e
e ———
.
2V Vd 24/~c Vd

Result (type 4, 791 leaves):

PolylLog [2, - PolyLog [2,

1 1_1?/{ (a\/?—i\/?) Tanh | ArcCosh[a x] |
———— |4ArcSin| ——————| ArcTanh| 2 | -
2+/c \d \2 vaZc+d

1+j3{ ax/?ﬂiﬁ) Tanh [ ArcCosh[a x] |
4 ArcSin[ —————| ArcTanh| 2 |+
V2 Va%c+d
i (_a \/? m) -ArcCosh[ax]
i ArcCosh[ax] Log[1 - |+
Vd
1+ jj/?c i (_a \/? m) @-ArcCoshfax]
ZAPcSin[i] Log[l— } -
vz a
i (73 \/? m) @-ArcCosh[ax]
i ArcCosh[ax] Log[1 + | -
Vd
iad/
1- j/?c i (_a\/? m) @-ArcCosh[ax]
ZAI"CSin[i] Log[1+ } -
vz e
i (a Je + m) @-ArcCosh[ax]
i ArcCosh[ax] Log|1 - |+
Vd
1- jf/?c i (a \/? m) —ArcCosh[ax]
2ArcSin[ ————] Log[1- |+

vz Va
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i (a\/? m) @-ArcCosh[ax]

] _

i ArcCosh[a x] Log [1 +

Vd
1+ lj/(TC i (a \E m) @-ArcCosh[ax]
2 ArcSin[ ——] Log[1+ |+
V2 Vd
i (_a \/C_ m) —ArcCosh[a x]
i PolyLog|2, - ] -
Vd
i (_a \/— m) —ArcCosh[ax]
i PolyLog|2, ] -
Vd
i (a \/? m) —ArcCosh[ax]
i PolyLog|[2, - ]+
Vd

j(a\E ++ a? c+d) @ ArcCoshlax]
Vd

]

i Polylog|2,

Problem 46: Result unnecessarily involves imaginary or complex numbers.

X

JArcCosh[a X] 4
(c+dx?) 2

Optimal (type 4, 774 leaves, 26 steps):
aArcTanh [ M2oc—/d m}

ArcCosh[a x] ArcCosh[a x] Javoe @ Trax
- + + -
4cﬁ(x/7c 7\/?x) 4cx/?(\/7c +ﬁx) ZC\/aF—\H \/a\/TJr\H\/?
aArcTanh [ 222 d_virax ] ArcCosh[ax] Log[1 - _/d ehrecoshizn
Jay-c +/d +/-1lrax ~ a\/-c -/ -a?c-d
2cJav—c -vd Jav—c «Vd Vd 4 (-c)*2+/d

ArcCosh[ax] Log[1 + M] ArcCosh[ax] Log[1- ¢ eAncCoshiax]

avTe [ -atcd av—c/-atcd
c)3/2\/? 4(—c)3/2\/d_
ArcCosh[ax] Log[1 + fd treceten) | PolyLog|2, - fd et
avcf atcd . ac [ atcd
c)3/2\/? 4(—c)3/2\/?

d eArcCosh[axj d eArcCoshjax] d eArcCosh[ax]
—\;] PolylLog|2, - —\;} PolyLog|2,
a+/-c -1/ -a?c-d a+/-c +\/-a?c-d a+/-c +\/-a?c-d

+ -
c)s/z\/? 4(—c)3/2\/? 4(—c)3/2\/?

PolyLog|2,
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Result (type 4, 1080 leaves):

1 v/ ¢ ArcCosh[ax] +c¢ ArcCosh[aXx]
+ +
4c3/2+/d —ivc ++vd x ive ++vd x

iavc
T 3?‘ a\/?—j\/F) Tanh[ 2 ArcCosh[ax] |
4 ArcSin|[ —————] ArcTanh]| 2 ]
V2 Valc d
iavc
1+ av?c (ax/?ﬂix/?) Tanh[ % ArcCosh[ax] ]
4Ar‘cSin[7] Ar‘CTanh[ 2 ] .
V2 Varcrd
i (—a Ve + m) @-ArcCosh[ax]
i ArcCosh[ax] Log|1 - ] +
Vd
iave
1+ i’/(TC i (—a\/? \/m) @-ArcCosh[ax]
2ArcSin[ ————] Log[1- ] -
V2 Va
i (—a\/? m) @-ArcCosh[ax]
i ArcCosh[a x] Log[1+ } -
Vd
1- jf/?C i (73\/(:7 m) @-ArcCosh[ax]
2ArcSin[ —] Log[1+ ] -
V2 Va
i (a Ve + m) _ArcCosh [a x]
i ArcCosh[ax] Log|1 - ] +
Vd
1- naﬁc i (a\/? m) @-ArcCoshlax]
2Ar‘cSin{7] Log[lf ] .
V2 Va
i (a Ve + \/m) @-ArcCosh[ax]
i ArcCosh[a x] Log[1+ ] ~
Vd
1+ Jlj/?c : (a\/? m) 7Ar‘cC05h x]
2Ar‘cSin[7] Log[1+ ] N

Vz Va
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24 (j VT 422 T xoinf-a? c—d mm]
a+/-a2c-d (\/?ﬂi\/?x)

avc Log|

\-atc-d
2d (—\/?—i a2+/c x+/ -a?c-d /-1+rax J1+ax
a+/-a?c-d (1’1 '\/Ci*»\/di)()

a\/?Log[

V-atc-d

jl(—a\/c_ + /32 C+d> @-ArcCosh[ax]

i PolyLog[Z, -

Vd
i (_a\/? m) ~ArcCosh[ax]

i PolyLog|2,

Vd
i (a \/? m) —ArcCosh[ax]

i PolyLog[2, -

Vd

i (ave +aZcrd) e tcoshian
Vd

]

1 PolylLog [2,

Problem 56: Result unnecessarily involves imaginary or complex numbers.

dx

J\/d -c2dx? (a+bArcCosh[cx])

f+gx

Optimal (type 4, 785 leaves, 23 steps):

| 19
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bexVd-cZdx®  a(l-c2x?)Vd-c?dx?
+ +

gvV-1+cx V1+cx g(1-cx) (1+cx
b+/d-c2dx? ArcCosh[cx] cxVd-c2dx? (a+bArcCoshicx])?
g ) 2bgv/-1+cx V1+cx '
(17c2g—f2) \d-c?2dx? (aerAr‘cCosh[cx])2 (17c2X2)m(aerAr‘cCosh[cx])z
2bcV-1+cx Vi+cx (f+gx) i 2bc/-1+cx V/1+cx (f+gx) .

a~/c2f-g? \/-1+c?x? \/d-c2dx? ArcTanh| grctfx |
N €2 f2-g? [ -1+c? x?

g2 (1-cx) (1+cx)

b~/c2f2-g? \/d-c?dx? ArcCosh[c x] Log[1+ QA"&%L}
cf-fc?f2-g?

g2/ -1+cx V1+cx

b\mmm‘cmsh[c x] Log[1+ —L@“”‘J‘““‘i”}
cfrfc?F2-g?

+

g2/ -1+cx V1+cx

b~[c2f2 g \/d-c?dx® Polylog|2, 74&%]
cfr2f g

g2v/-1+cx V1+cx

b+[c? 7 g2 VA cdx? Polylog[2, - e
\/7 { ’ cfinf c2f2-g? ]

g2v/-1+cx V1+cx

Result (type 4, 1121 leaves):

1 cxVd-c2dx?
——|2ag+/d-c*dx* -2ac~/d fArcTan| | +2a+/d \/-c*f2+g? Log[f+gx] -
2g? Vd (-1+c2x?)

2a+/d \/-c*f2+g? Log[d (g+c*fx) +\/?\/—c2f2+g2 \/d—czdx2 |+

chx /—11+cx
+C X
bd-c?dx? | ————

1-c¢cx

cf | X ArcCosh[cx]2
1+cx 1

+
2 £2 2 [—1+cx
- f T8 1+cx <1+CX)

+2gArcCosh[cx] +

1-c¢cx
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(cf+g) Coth[ 2 ArcCosh[cx] |
2 ArcCosh[c x] ArcTan | 2 ] -

cf (-cf+g) Tanh |2 ArcCosh[cx] |
ZiArcCos[—f} Ar‘cTan[ 2 ] n

g ’—c2f2+g2

(cf+g) Coth[iAr‘cCosh [cx] ]
ArcTan| ]+

/7c2f2+g2

(-cf+g) Tanh[%Ar‘cCosh [cx]]
ArcTan | ]

’—c2f2+g2

(cf+g) Coth{%Ar‘cCosh[c x] |

(-cf+g) Tanh[ 2 ArcCosh[cx] | |

L e%/—\r‘c(josh[cx] \/m]
Joceg Va2 Vg \fc(frgx]

(-cf+g) Tanh[iAr‘cCosh[c x] |

2(-cf+g) (cf+g)

cf
ArcCos[- —] +2
g

7§Ar‘cCosh[cx]\/ﬁ
] Log[<e . ]+
V2 g \Je (Frgx]

| +ArcTan|

cf
ArcCos |- —] -2
g

ArcTan |

Log|

cf
ArcCos |- —] + 2 ArcTan|
g _ 2'F2+g2

(cf+g) [c-F—gﬂi\/m] ( 1+Tanh[ ArcCosh[c x] |
2
1
[g (cf+g+1’1mTanh[—Ar‘cCosh[cx}] )}—
2

(-cf+g) Tanh[iArcCosh[c x] |

Log|

|/

cf
ArcCos [— 7} -2 ArcTan [

g —c2f2ig?
Log[|(cf+g) [—cf+g+jxl—c2f2+g2) 1+Tanh[ ArcCosh[c x] | ]/
2
[ [cf+g+1 -c2 2+ g? Tanh| Ar‘cCosh[ x] | )}Jrll PolyLog|2,

([cffn +g2) [cf+g71«/ +g? Tanh| Ar‘cCosh[ x] |
[ (chrng«/ +g* Tanh| Ar'cCosh[ x] |
((cfﬂl +g2) [cf+g71«/ +g? Tanh| ArcCosh[ x] |

)

|/

) | - PolylLog|2,

|/

- 262 2 1
g cf+g+1mTanh{fAr‘cCosh[cx1]
2
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Problem 57: Result unnecessarily involves imaginary or complex numbers.
J\/d—czdx2 (a+bArcCosh[cx])

(-F+gx)2

dx

Optimal (type 4, 918 leaves, 38 steps):
avd-c?dx? ac®f2+/d-c?dx? ArcCosh[c x]
+
g (f+gx) g2 (2 f2-g?) \/-1+cx Vi+cx

b |- /1+cx +/d-c?dx? ArcCosh[c x]
\ Lrex bc3f2+/d-c2dx? ArcCosh[c x]?2
.
gV-1+cx (f+gx) 2g* (2 f2-g?) /-1+cx V1+cx
(g+c?fx)?\/d-c2dx? (a+bArcCosh[cx])?
2bc (22 -g2) \/-1+cx Vitex (f+gx)?

2ac2f~/d-c2dx? ArcTanh| cfig Virex ]

(1-c2x?) \/d-c2dx? (a+bAr‘c:Cosh[cx])2 Jcfg Viiex
2bc/-1+cx Vivex (Frgx)? Vef-g g2vJef+rg V-1+cx Vi+cx

bc2f+/d-c2dx? ArcCosh[cx] Log[1+ w]

cf-q/c?f2-g?
g2~/c2f2-g2 \/-1+cx VJ1+cx

bc2f+/d-c2dx? ArcCosh[cx] Log[1+ e ]
cfiy/ 2 f2 g bcd-c?2dx?® Log[f+gx]
+

g? lcz.,:zfgz Vol+cx Vitex g2/ -1+cx V1+cx

bc2fd-c2dx? PolyLog[2, - <& ] pc2f/d-c?dx® Polylog[2, - <" ]

cf-~/c?f2-g? c iy c? f2-g?
+
g2/c2f2-g2 +/-1+cx V1+cx g2~/c2f2-g2 </-1+cx V1+cx
Result (type 4, 1154 leaves):
d ArcT cxq/-d (-1+c*x?
a\/—d (-1+c*x?) acy/d ArcTan| Vd (-1+¢2x?) ) ac?/d flLog[f+gx]
_ + . _
g<f+gx) g’ g2 ’—c2f2+g2
ac2/d flog[dg+c2dfx+d ~/-c2f+g? \/—d (-1+c2x?) |
g> ’—c2f2+g2

Zlgzbc\/—d(—1+cx) (1+cx)

+
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2 g ArcCosh[c x] ArcCosh | 2Log[1+ X}

+

cf+cgx
=X (14 ¢ x) Liex 1+cx) -2 f2eg? [T (14cx)
1+cx 1+cx 1+cx

(c f+g) Coth[ > ArcCosh[cx] |
2cf |2ArcCosh[cx] Ar‘cTan[ 2 } -
[_c2f2. g2
cf (-cf+g) Tanh[ ArcCosh[cx] |
2i ArcCos |- —| ArcTan]| 2 |+

g _2f2.g?

(cf+g) Coth| % ArcCosh[c x] |

cf
ArcCos|[-—| +2
g

ArcTan | | +ArcTan|

_c2f2, g2
(-cf+g) Tanh[iAr‘cCosh[c x]] [e;ArccOsh[cx] [Ccg2, g2 |
.
/—c2f2+g2 \/?'\/E'\/C'F‘chx

(c f+g) Coth| i ArcCosh[c x] |

/—c2f2+g2

(-cf+g) Tanh |2 ArcCosh[cx] | ey ArcCoshicx] [ 5 £2 . g2 |
’—c2f2+g2 ﬁ\@\/chrch

(-cf+g) Tanh[%Ar‘cCosh[c x] |

]

Log

cf
ArcCos|[-—| -2
g

ArcTan | | +ArcTan|

N

Log[

cf
ArcCos [f 7] + 2 ArcTan [

g /7C21c2+g2
(cf+g) (c-F—gHix/—cz-Fergz) [ 1+ Tanh[ ArcCosh[c x] |

2
(g(chrgﬂ'lmTanh[ ArcCosh[c x] | ]]f
2

(-cf+g) Tanh[%Ar‘cCosh[c x] |

Log[

)/

cf
ArcCos |- —] - 2 ArcTan]|

g /_cz.,:2+g2
[ 2 2 1
(cf+g) |[-cfrgrin/-?F+g 1+ Tanh|[ = ArcCosh[cx] |

2
g(cf+g+1’m/ 2§24 g2 Tanh[ ArcCosh[c x] | ]]+
2
j(PolyLog[z, [(C'F—Ji\/—CZ'F2+g2) (c-F+g—j1\/ 2f2,g2 Tanh[ ArcCosh[c x] |
2
1
(g (cf+g+jx/7c2f2+g2 Tanh[ = ArcCosh[c x] |
2
[(cfﬂi 7c2F2+g2) (c-FJrgfjm/ 2£2, g2 Tanh[ ArcCosh[c x] |

2

Log|

)/

)/

] ] - PolylLog [2,

|/
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- 262 o2 1
(g(cf+g+1w/—c 2+ g% Tanh[ = ArcCosh[cx] |
2

)

Problem 61: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(d-c2dx?)*? (a+bArcCosh[cx])
J dx

f+rgx

Optimal (type 4, 1270 leaves, ? steps):
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ad (cf-g) (cf+g)Vd-c?dx?

- +
3

g
bcd (cf-g) (cf+g)xm bc?d (cf-g) x2/d-c2dx?
g2V-1+cx J1+cx i 4g2+/-1+cx V1+cx '
ad<2+3cx—2c2x2)m bcdx(—12—9cx+4c2x2)m
6g ' 36gvV-1+cx V1+cx .
bd (cf-g) (cf+g)mAr~cCosh[cx] ad+/d-c2dx? ArcCosh[c x]
g’ 2g\/—1+cx V1+cx '
bd<2+3cx72c2x2)mAr‘cCosh[cx} bd~+/d-c2dx? ArcCosh[c x]?2
6g . 4g~/-1+cx V1+cx '
cd(cffg)xm(aerArcCosh[cx}) d(cffg)\/m(aerAr‘cCosh[cx])2
2g? ) 4bg?+/-1+cx V1+cx '

cd(cf-g) (cf+g)x/d-c?dx* (a+bArcCoshlcx])?
2bg3v/-1+cx V1+cx
d(cf-g)?(cf+g)®Vd-c?dx* (a+bArcCoshcx])?
2bcgtV/-1+cx Vi+cx (f+gx)

d(cf-g) (cf+g) (1-c?x?)/d-c2dx? (a+bArcCosh[cx])?

+

+

2bcg?v/-1+cx V/1+cx (-F+gx)

2ad (C'F‘g)B/Z (Cf+g)3/2mAr‘cTanh[ cfig m]

g*v/-1+cx J1+cx

eAr‘cCosh[c x] g

cf-~/c2f2-g2

]

/

[bd (cf-g) (cf+g) \/czfz—gz \/d—c:zdx2 ArcCosh[c x] Log |1+

(g4\/—1+cx \/1+cx>+

e

cf+q/c2f2-g2

ArcCosh[c x] g

1/

[bd (cf-g) (cf+g) \/czfz—gz \/d—czdx2 ArcCosh[cx] Log[1 +

(g4\/—1+cx \/1+cx)—

ArcCosh [c x]
{bd (cf—g) (c-F+g) \/szz_gz \/CI—CZdX2 PolyLog[z, e - ]

]
cf-/c2f2-g?

(g4\/—1+cx \/1+cx)+

ArcCosh [c x]
[bd(c‘c‘g) (cfg)Jc2f-g? \/d-c2dx® Polylog2, - e g }J

cf++/c2f2-g?

(g4\/—1+cx \/1+cx)
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Result (type 4, 3068 leaves):
d(-3c?f2+4g? 2 2 2
\/—d(—1+c2x2) ad (-3c2f2+ g)+ac dfx ac?dx

+

3g’ 2¢g? 3g

3/2 262 > cx+/-d (-1+c?*x?

acd¥?f (2¢2f 3g>Ar‘cTan[ VT (o) ] ad32 (7c2f2+g2>3/2L0g[‘F+gX]
2g* g*

—ad¥? (-c -F2+g)3/2Log[dg+c dfx++/d /-c2f*+g? \/ ~1+c2x?) |+
g
7bd\/ -l+cx) (1+cx)

2cgx ¢ f ArcCosh[c x]? 1
- +2gArcCosh[cx] - +

/ —’11:;: (1 +C x) ’11:;: (1 +C x) N -c2f2ig? | —’11:;: (1 e x)

(c f+g) Coth[ > ArcCosh[cx] |
2 ArcCosh[c x] Ar‘cTan[ 2 } -

’—c2f2+g2

cf (-cf+g) Tanh[ ArcCosh[cx] |
ZJiAr'cCos[—f] Ar‘cTan[ 2 } +

g /7c2f2+g2

(cf+g) Coth| % ArcCosh[cx] |
ArcTan| | +ArcTan]

/_C21c2+g2

2 (-cf+g) (cf+g)

cf
ArcCos [~ —] +2
g

(-cf+g) Tanh[2 ArcCosh[c x] | o s ArcCoshiex) [~ 5 £ g2
2 |1 Log| |+
N -c2f2ig? V2 Vg Vcfrcgx
cf (c f+g) Coth[ 2 ArcCosh[cx] |
ArcCos[-—] -2 |ArcTan| 2 | +ArcTan|
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b3d2x3Vd-c2dx?  bcdd? (2f2-2g2) x*Vd-c2dx?  bcSdfxid-cZdx?
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[g cfig+in/-c?f2+g? Tanh[ = ArcCosh[cx] | )}—
2
1
PolyLog|2, ((Cf+ﬂ\/7C2‘F2+g2) [cf+gfjx/7c2f2+g2 Tanh| = ArcCosh[c x] |
2

[g [c-F+g+Jix/—c2-F2+g2 Tanh[lAr‘cCosh[cx}] )}]
2

-18cg (-4c* 2+ g?) x+

Log|

|/

i

|/

)/

+

1

144g* | =X (14cx)

\/—d (-1+cx) (1+cx)
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-1+cCcx

18 ¢g (JLc2 -F2+g2) <1+cx) ArcCosh[c x] +

1+cX

18 c f (2c*f?-g?) ArcCosh[cx]? -9 cfg”Cosh[2ArcCosh[cx]] +
1

[_c2f2. g2
(cf+g) Coth[%Ar‘cCosh[c x] |

9 (8c*f*-8c*f>g?+g*) |2ArcCosh[cx] ArcTan| ] -
|_c2f2, g2

(-cf+g) Tanh[iAr‘cCosh[c x] | |
.

2 g®Cosh[3ArcCosh[cx]] +

cf
2 i ArcCos |- — | ArcTan|
g ’—c2f2+g2

(cf+g) Coth[iAr‘cCosh[c x] |

cf
ArcCos [— 7} +2 Ar‘cTan[

: N
(-cf+g) Tanh[iAr‘cCosh[c x] | | [eimc“h“” \ -2 f2ig? ]
‘

Log

4/,C2-F2+g2 \E\E\/c-ﬁrch

(cf+g) Coth[iAr‘cCosh[c x] |

] + ArcTan [

cf
ArcCos |- —] - 2 |ArcTan]|

g ’—c2f2+g2
(-cf+g) Tanh[ > ArcCosh[cx] | | [(E;ArccQsh[cx] g, g N

] + ArcTan [

Log

N -c2f2 4 g2 V2 g Vcf+cgx

(-cf+g) Tanh[%Ar‘cCosh[c x] |

cf
ArcCos [~ —] + 2 ArcTan]|

g ’—CZF2+g2
[ 20 2 1
Log| (cf+g) [cf-grin-?f+g -1+ Tanh| = ArcCosh[cx] |

2
1
[g (cf+g+j\/—czfz+g2 Tanh| = ArcCosh[c x] ] )} -
2

(-cf+g) Tanh[iAr'cCosh[c x] |

|/

cf
ArcCos |- —] - 2 ArcTan|

1
Log[((cf+g) (—Cf+g+i\/—czf2+g2) 1+Tanh| = ArcCosh[cx] |

2
1
[g (cf+g+jxl—c2f2+g2 Tanh| = ArcCosh [c x] | )}H’l
2
1
((cf—i —c2f2+g2) [c-F+g—Jix/—c2-F2+g2 Tanh| = ArcCosh[cx] |
2
1
[g (cf+g+jxl—c2f2+g2 Tanh[ = ArcCosh[c x] |
2

|/

PolyLog|2,

|/

) | - PolyLog|2,
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1
((C‘F-%—]'].\/—CZ'FZ-%—gZ) [c-F+g—Ji\/—c2-F2+g2 Tanh[ = ArcCosh[c x] | ]/
2

1
[g (cf+g+jxl—c2f2+g2 Tanh| = ArcCosh [c x] | )}) +
2

18 c f g2 ArcCosh[c x] Sinh[2 ArcCosh[c x] ] - 6 g ArcCosh[c x] Sinh[3 ArcCosh[cx]] | -

1
32 /% (1+cx)

2c (16c*f4-12c2F2 g2+ g*) x
- +

gS

32c41c4J§(1+cx) ArcCosh[c x]

g’ i

24c2f2\/%(1+cx> ArcCosh[c x]

g3

2 | =% (1+cx) ArcCosh[c x]
lrex 16 c® f> ArcCosh[c x]?

g g°

16 c3 3 ArcCosh[c x]2 3 c fArcCosh[cx]?
g* g

2cf (-2c?f?+g?) Cosh[2ArcCosh[c x]]

x/‘d (-1+cx) (1+cx)

+

+

2

4

g
8 c2 2 Cosh[3 ArcCosh[cx]] 2Cosh[3ArcCosh[c x]]

+ +
9g® 9g
c f Cosh[4 ArcCosh[cx]] 2Cosh[5ArcCosh[cx]]

4 g? 25g

+

o
gt /—c2f2+g2

2 ArcCosh[c x] ArcTan [

(-2c2F2+g?) (16" F*-16C* f2 g + g*)

(cf+g) Coth[iArcCosh[c x] |

’—c2f2+g2

] _
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cf (-cf+g) Tanh |2 ArcCosh[cx] |
ZiArcCos[—f} Ar'cTan[ 2 ] +

g /7c2f2+g2

cf (cf+g) Coth[ > ArcCosh[cx] |
ArcCos |- —] +2 |ArcTan]| 2 | +ArcTan|

g ’—c2f2+g2
(-cf+g) Tanh[ ArcCosh[c x] ] | [(E%Arccosh[cx] [, g .

Log

22, g2 V2 Vg Vecfrcgx

(cf+g) Coth[%Ar‘cCosh[c x] |

cf
ArcCos |- —] - 2 |ArcTan]|

g /—c2f2+g2
(7cf+g) Tanh[lAr‘cCosh[c X]} } [eéArcCosh[cx] | _c2 f2+g2 ]

Log

4/_c2f2+g2 ﬁ@vchch

(-cf+g) Tanh[iAr‘cCosh[c x] |

| +ArcTan]

N

cf
ArcCos |- —] + 2 ArcTan|

Log[((c-ﬂrg) [Cf—g+iv—c2f2+g2] ( 1+Tanh[ ArcCosh|c ]}

2
[g(cf+g+j\/7+gTanh[ ArcCosh|c }] )}—
2

(-cf+g) Tanh[iAr'cCosh[c x] |

|/

cf
ArcCos |- —] - 2 ArcTan|

g /7c21‘2+g2
(C'F+g> (7C'F+g+jx/7c2f2+g2)

[ (c-F+g+11\/—c 24+ g° Tanh Ar‘cCosh[ ]]

Log|

1+Tanh[ ArcCosh[cx] |
2

I+
(C'F -c -F2+g2)[cf+g—1m/ 2+ g? Tanh| Ar‘cCosh[ x] |

|/

PolyLog [2,

|/

J } - PolylLog [2,

+1 f2+g2) [cf+g71mTanh ~ ArcCosh[c x] |
(C-FJrng]l\/igTanh — ArcCosh[c ]] J}) -

8 ¢3 3 ArcCosh[c x] Sinh[2 ArcCosh[cx]] 4 c fArcCosh[cx] Sinh[2ArcCosh[c x]]

+ +
g* g’

8 c2 f2 ArcCosh[c x] Sinh[3 ArcCosh[c x] ]
3¢3

2 ArcCosh[c x] Sinh[3 ArcCosh[c x]]

3g -

g(c.FJrnglmTanh — ArcCosh|[c ]]
.F

|
|
¢
¢

|/
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c f ArcCosh[c x] Sinh[4 ArcCosh[c x] ]
g2

+

2 ArcCosh[c x] Sinh[5 ArcCosh[c x]]
58

Problem 69: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
J a+bArcCosh[cx]
(

frgx) VA Zdxd

dx

Optimal (type 4, 365 leaves, 10 steps):

V-1+cx V1+cx (a+bArcCoshcx]) Log[1+w

cf-q/c?f2-g?
N €2 f2-g? A/d-c?dx?

V-1+cx V1+cx (a+bArcCosh[cx]) Log[1+ <" e

cf+rf c? f2-g?
A2 f2-g? \/d-c2dx?

bv/-1+cx /1+cx PolylLog|2, —&g—] bv/-1+cx /1+cx PolylLog|2, _ el

cf-q/c?f2-g? cf+rf c? f2-g?

+

Jee g visadde Jee g visada
Result (type 4, 932 leaves):
1 alog[f+gx] aLog[d<g+c2fx)+\/?w7c2f2+g2 \/dfczdxz}

’—c2f2+g2 \d Vd

1 b -1+cx (1+cx)

Jd-c2dx? 1+cX

(c f+g) Coth[ > ArcCosh[cx] |
2 ArcCosh[c x] Ar‘cTan[ 2 } _

’—c2f2+g2

cf (-cf+g) Tanh[ ArcCosh[cx] |
2i ArcCos |- —| ArcTan| 2 |+

g /_Cz.,:2+g2

(c f+g) Coth| i ArcCosh[c x] |
ArcTan | |+

cf
ArcCos|[-—| +2

. Ny
(-cf+g) Tanh|[t ArcCosh(c x] | ez Arecoshiex) [ a2 o2
Ar‘cTan[ 2 Log[ ] +
\ -2 g? V2 /g Jc (frgx)
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(cf+g) Coth| % ArcCosh[c x] |
ArcTan | |+

cf
ArcCos |- —] -2

g ’—CZ-F2+g2
(-cf+g) Tanh[ 2 ArcCosh[cx] | ez hrecoshiex) [ ag2 o2
ArcTan | 2 |11 Log[ | -
o2 fig? V2 /g e (frgx)

(-cf+g) Tanh[%Ar‘cCosh[c x] |

cf
ArcCos |- —] + 2 ArcTan|

: g
1

(cf+g) (c-F—gHi\/m) [—1+Tanh{—Ar‘cCosh[cx}]
2

1
(g (cf+g+ix/—c2f2+g2 Tanh|[ = ArcCosh[c x] | J] -
2

(-cf+g) Tanh[%Ar‘cCosh[c x] |

Log|

)/

cf
ArcCos [— 7] - 2ArcTan [

g /7C21c2+g2
1
(cf+g) (—cf+g+1‘1w/—c2f2+g2] 1+ Tanh| = ArcCosh[cx] |
2
1
g(cf+g+jx/7c2f2+g2 Tanh| = ArcCosh[c x] | ]]+
2
1
PolyLog|2, [(cffjxlfczf%gz) (C‘F+g7]'l\/7C2‘F2+g2 Tanh| = ArcCosh[c x] |
2
1
(g cf+g+in/-c?f2+g? Tanh|[ = ArcCosh[cx] | ]]7
2
1
PolyLog|2, ((cf+jm/—c2f2+g2] (cf+g—i«/—c2f2+g2 Tanh| = ArcCosh[cx] |
2

(g (cf+g+i«/—c2f2+g2 Tanh[lAr‘cCosh[cx]} ]]J
2

Problem 70: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

)/

Log [

i

)/

)/

a+bArcCosh[cx]
J dx

f+gx)2\/d—c2dx2

Optimal (type 4, 523 leaves, 13 steps):
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1l+cx
(cZ-FZ—gZ) (F+gx) Nd-c2dx?
ArcCosh[c x]

c2f+/-1+cx V/1+cx (a+bArcCosh[cx]) Log|[l+ ———&]

cf-/c?f2-g?

gV-1+cx [-2* (1+cx)*? (a+bArcCoshcx])

(czfz—gz)”z\/d—czdx2
ArcCosh[c x]

c2f+/-1+cx V/1+cx (a+bArcCosh[cx]) Log[l+ &

cffc?f2-g?

(2 -g2)*2/d-ctdxt
bc2f+/-1+cx V1+cx PolyLog[z,,w}
bcv-1+cx V1+cx Log[f+gx] cirfc g
n
(szz—gz)“/d—czdxz (czfz_gz>3/2m
bc2f+/-1+cx /1+cx PolylLog|2 _ _ehrecoshicx g
> cefarg
(26 g2)>/d-c2dx?

Result (type 4, 11151eaves):
agVvd-c2dx? ac?flog[f+gx]

d(—c2f2+g2) <f+gx) \/?(—CZ'FZJrgZ)?'/Z—
ac?flog[d (g+c2fx) +/d \/-c2f2+g2 /d-c2dx? |
ﬁ(cf—g) (cf+g) A -c2f2 4 g?

-l+cx
g | == (1+cx) ArcCosh[cx] g2x
1 ~1+cCX 1+cx ( ) Log[1+ fx] .

bc (1+cx) |- +

Jd-c2dx? 1+cx <C'F—g) <C'F+g) (C'F+ch> c2f2_g?

+

(cf+g) Coth[ > ArcCosh[cx] |
2 ArcCosh[c x] ArcTan]| 2 |-

’—c2f2+g2

(-cf+g) Tanh[iAr‘cCosh[c x] | |
.

1

(7(:2 _Fz +g2>3/2

cf

cf
2i ArcCos |- —| ArcTan|
g /—CZ'F2+g2

(c f+g) Coth| i ArcCosh[c x] |

’7c21‘2+g2

(-cf+g) TanhEAr‘cCosh[c x] |

’—c2f2+g2

ArcCos [— ﬂ] +2 } + ArcTan [

g

ArcTan [

eiArcCosh[cx]m]
+
V2 Vg o (frgx)

Log|
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(cf+g) Coth[%Ar‘cCosh[c x] |
/—CZ-F2+g2

(-cf+g) Tanh[%Ar‘cCosh[c x] | | o ArcCoshicx] \m}
N VE e e lFoen

(-cf+g) Tanh[%Ar‘cCosh[c x] |

ArcCos | - i] -2 | +ArcTan]

g

ArcTan |

Log |

cf
ArcCos |- —] + 2 ArcTan|

: N
1

(cf+g) (c-F—gHi\/m) [—1+Tanh{—Ar‘cCosh[cx}]
2

1
(g (cf+g+ix/—c2f2+g2 Tanh| = ArcCosh[c x] | ]] -
2

(-cf+g) Tanh[%Ar‘cCosh[c x] |

)/

Log|

cf
ArcCos [— 7] - 2ArcTan [

g /7c2f2+g2
| e2g2 ) 52 1
(c-F+g) (—c-F+g+11 -ccf +g ] 1+Tanh[—ArcCosh[cx}]

2
1
g(cf+g+1’m/7c2f2+g2 Tanh| = ArcCosh[cx] | ]]+
2
1
PolyLog|2, [(cffjxlfczf%gz] (cf+gfjx17c2fz+g2 Tanh| = ArcCosh[c x] |
2
1
(g (cf+g+j«/7c2f2+g2 Tanh| = ArcCosh[c x] |
2
1
[(cf+i«/—c2f2+g2] (cf+g—1’m/—c2fz+g2 Tanh| = ArcCosh[c x] |
2

)

Log[

|/

)/

i

] | - Polylog|2,

)/

- 22 2 1
g c-F+g+ananh[fAr‘cCosh[cx]}
2

Problem 74: Result unnecessarily involves imaginary or complex numbers.

a +bArcCosh[c x]
J dx

(F+gx) <d—c2dx2)3/2

Optimal (type 4, 773 leaves, 25 steps):
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(1-cx) (a+bArcCosh[cx]) (1+cx) (a+bArcCosh[cx])

+ —

d(cf-g)Vd-c*dx? 2d (cf+g) Vd-c?dx?

g2/ -1+cx V1I+cx (a+bArcCoshcx]) Log[l+ — 8]

cf-q/c?f2-g?

d (czfz—g2)3/2x/d—c2dx2

g?\/-1+cx /1+cx (a+bArcCosh[cx]) Log[1+ <

cfiq/c?f2-g?

d (czfz—g2)3/2x/d—c2dx2

b\/(l—cx) (1+cx) Vi-c2x* Log| in} b\/ —cx) (1+ex) Vi-c2x? Log{lcx}

d(cf+g) /—ﬁ (1+cx) Vd-c2dx? 2d (cf-g) /—ﬁ (1+cx) Vd-c2dx?

ArcCosh [

bg?V/-1+cx \/1+cx Polylog|2, B =

b\/ - cx) 1+cx)mL0g{lcx}_ ot
262 52372 —5 3
2d (cfeg) [~ (1eox) Vd-Zdx d (c2f-g)*?/d-c?dx®

bg?V/-1+cx +/1+cx Polylog|2, B

cf+rf c?f2-g?
d(c2f2-g?)%?/d-c2dx?

Result (type 4, 1386 leaves):

(—ag+ac2'Fx) \/—d <—1+C2X2> agZLog[f+gx]

N

@S] (1) pn crig) (crig) @R g

agzLog[dg+c2de+\/7\/m\/ ~1+c?x?) |
d3/2<—cf+g> (Cf+g>\/m

| 22X (1+cx) ArcCosh[c x] Coth[ > ArcCosh[c x] |
1 1+cx 2

b |- N
d 2(cf+g)\/—d<—1+cx) (1+cx)

N % (1+cx) Log[Cosh| - ArcCosh[cx] | ]

(cf-g) \/—d (-1+cx) (1+cx)

E (1+cx) Log[Sinh[%Ar‘cCosh[c x]]]

(cf+g) \/—d (-1+cx) (1+cx)

+

+
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(cf+g cf+g \ -c? 2+ g? \/ 1+cx 1+cx)

, | -14cx (cf+g) Coth[iAr‘cCosh[cx]]
g (1+cx) |2ArcCosh[cx] ArcTan| | -
1+cX l—c2f2+g2

cf (-cf+g) Tanh [ ArcCosh[cx] |
ZJiAr'cCos[—f] Ar‘cTan[ 2 } +

g /7CZF2+g2
h

. (cf+g) Cot [%Ar‘cCosh[c x1]
-1 ArcTan| J-i

cf ,
ArcCos |- —] +21

g /—CZ-F2+g2
(-cf+g) Tanh[%Ar‘cCosh[c x] | ez Arccoshiex] [~ a2 o2
ArcTan | |1 Log[ +
N -c2f2ig? V2 Vg Vcfrcgx

(cf+g) Coth[ 2 ArcCosh[cx] |
-1 ArcTan| 2 | -1

/_Cz.,:2+gz

] ] [ezArcCosh[cX]m}
og -
V2 Vg Vefrcgx

cf
ArcCos|[-—] -21
g

(-cf+g) Tanh[iAr‘cCosh[c x] |

/—c2f2+g2

(-cf+g) Tanh[iAr‘cCosh[c x] |

ArcTan |

cf
ArcCos |- —] - 2 ArcTan|
g /_Cz.f:z+g2
1
Log|[1 ([C'F—J].\/—C 24 2) {cf+g—1x/—c2f2+g2 Tanh| = ArcCosh[c x] ]
2
J1-

(-cf+g) Tanh[iArcCosh[c x] |

|/

{ [cf+g+1 -c2 2+ g? Tanh| Ar‘cCosh[ x] |

cf
~ArcCos[- —] - 2ArcTan|

g /7C21c2+g2
Log|[1 —([cfﬂml—c 24+ )[cf+g—1«/ 2§24 g2 Tanh[ ArcCosh[cx] ]
2

[ )1+
PolyLog|2 [(C'F*Jl\/iz) (cf+g—j\/f7+gTanh[2Ar‘cCosh[ x] |
( cf+g+1\/7gTanh Ar‘cCosh[ x] | ]]—PolyLog[Z,
[(cfﬂl —c2f2, 2) (cf+g—j\/f7+gTanh[2ArcCosh[ x] |

( (cf+g+1x/ +g° Tanh Ar‘cCosh[ ]} ]]]

|/

cfrg+in/-c?f2+g? Tanh| ArcCosh[ x] |

|/

|/
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\/7 =X (1 4+ ¢ x) ArcCosh[c x] Tanh[ > ArcCosh[c x] |
l+cx 2

2 (cf-g) \/—d (-1+cx) (1+cx)

Problem 76: Attempted integration timed out after 120 seconds.

J(a+bAr'cCosh[cx])2Log[h (Frex)"] 4
X

1-c2x?

Optimal (type 4, 774 leaves, 14 steps):

mv-1+cx V1+cx (aerAr'cCosh[cx])4
12b%2cvV1-c?x?

mv-1+cx V1+cx (a+bAr‘cCosh[cx])3Log[1+wL

cf-fc?f2-g?

3bc/1-c?x?

mv-1+cx V1+cx (a+bAr‘cCosh[cx])3Log[1+wL

cffc?f2-g?

3bcV1-c?x?
V-1+cx V1+cx (a+bArcCosh[cx])?Loglh (f+gx)"] 1
3bcV1-c?x? cV1-c?x?

gArcCosh[cx] g 1

mv/-1+cx V1+cx (a+bArcCosh[cx])?Polylog|2, - ] -

-2 g cV1-c?x?

eAr‘cCosh[c x] g 1

m/-1+cx V1+cx (a+bAr‘cCosh[cx])zPolyLog[Z,— |+

cferfc2f2_g2 cV1-c?x?

eAr‘cCosh[cx] g
2bm~/-1+cx v/1+cx (a+bArcCosh[cx]) Polylog|3, - |+

cf-~/c2f2-g2

ArcCosh[c x] g

e

] -

1
——————2bm+/-1+cx VJ1+cx (a+bArcCosh[cx]) PolylLog|3, -
cV1-c?x? cfirfc2f2_g2

2b2m+/-1+cx VJ1+cx PolyLog[4, —w}

cf-r/c?f2-g?

cV1-c?x?

2b2m+/~1+cx V1+cx Polylog|4, - <"“e

cfirfc?f2-g?

cV1-c?x?
Result (type 1, 1leaves):

2?7
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Problem 77: Attempted integration timed out after 120 seconds.

dx

J (a+bArcCosh[cx]) Log[h (f+gx)"]
Vi-c2x?
Optimal (type 4, 600 leaves, 12 steps):

mv-1+cx V1+cx <a+bAr‘cCosh[cx])3

6b2c1-c?x?
rcCosh[cx]
mv-1+cx V1+cx (a+bArcCosh[cx])?Log[1l+ <" e
< ) toglt+ <=2t
2bcV1-c?x?
rcCosh[cx]
mv_-1+cx V1+cx (a+bArcCosh[cx])?Log[1+ <" Me
( ) [ cfifc?f2-g? }
2bc1-c?x?
V-1+cx V1+cx (a+bArcCoshicx])?Log[h (f+gx)"]
2bcv1-c?2x?
ArcCosh[c x]
mv-1+cx V1+cx (a+bArcCosh[cx]) PolyLog[2, - &——£&
<  potytog[2, -
cV1-c?x?
ArcCosh[c x]
mv-1+cx V1+cx (a+bArcCosh[cx]) PolyLog[2, - &——£&
( ) [ ’ c f+q) c? f2-g? ]
N
cV1-c?x?
bm+v-1+cx V1+cx PolyLog[3, - <=M e
{ ’ cf-q/c?f2-g? ]
cvV1-c?x?
bm+v-1+cx V1+cx PolyLog[3, - <=M e
{ ’ c f+q) c? f2-g? ]
cvV1-c?x?
Result (type 1, 1leaves):

???

Problem 78: Attempted integration timed out after 120 seconds.

dx

JLog[h (-F+gx)m}
1-c¢?2x?

Optimal (type 4, 237 leaves, 9steps):
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mArcSin[cx] Log[1 - deten g | mArcSin[cx] Log[1 - iethirg
imArcSin[cx]? cfqfaofp g cenfae g
2c¢c C C

. 1 ArcSin[c x] - ~iArcSin[cx]
imPolylLog|2, +&—F& imPolylLog|2, +*—F%

Arcsin[cx] Log|h (f+gx)"] 2 crfaf g ] 2 cinfafig

+ +
lo C C

Result (type 1, 1leaves):

2?7

Problem 84: Result unnecessarily involves imaginary or complex numbers.
JAPcCosh[a +b x]

dx
X

Optimal (type 4, 131 leaves, 9steps):

1 eAr‘cCosh[a+b x]
- = ArcCosh[a+bx]?+ArcCosh[a+bx] Log[l- ———— | +
2 a-vV-1+a?
e/—\r‘c(josh[a+bx] eAr‘cCosh[a+bx] eAr‘cCosh[a+bx]
ArcCosh[a +bx] Log[1- ————— | + PolylLog[2, ———— | + Polylog[2, ———]
a+V-1+a? a-vV-1+a? a+V-1+a?
Result (type 4, 221 leaves):
1 1.3 (1+a) Tanh[iAr‘cCosh[aerx]]
fAr‘cCosh[a+bx}2—411Ar‘cSin[ ]Ar‘cTanh[ ] +
2 V2 V-1+a?
Vv1-a
ArcCosh[a+bx] +2 i ArcSin| || Log[1+ [—a+x/ -1+ a2 | eArccoshlasox] ],
V2
. . 1-a 2 ~ArcCosh[a+b
ArcCosh[a+bx] -2 i ArcSin| ] Log[l—[a+ -1+ a? | e Arccoshlarbx] ] _
V2

PolyLog|2, (a —4/-1+a°

e—Ar‘cCosh[a+b x] }

e ArcCoshlasbxl | _polylog|2, [a +4/-1+a?

Problem 85: Result unnecessarily involves imaginary or complex numbers.

JAr'cCosh [a+bx]
X

x2

Optimal (type 3, 64 leaves, 4 steps):

2bArcTan | A2 Vleabx |

ArcCosh[a + b x] \V1+a \/-1+a+bx
X V1-a?

Result (type 3, 83 leaves):
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1-a2

ArcCosh[a+bx] 1bLog bx

X V1-a?

Problem 86: Result unnecessarily involves imaginary or complex numbers.
JAr‘cCosh[a +b x]

X

x3

Optimal (type 3, 106 leaves, 5 steps):

abZAr‘cTan[JD:La Learbx ]
N A/ 1+a +/-1+a+bx

2 (17a2) X 2 x2 (1,32)3/2

bv-1+a+bx VY1+a+bx ArcCosh[a+bx]

Result (type 3, 136 leaves):

1 1
—— | -ArcCosh[a+bx] +
2 x? -1+ a2

4i+/1-a% |-1+a2+abx-i+/1-a? +/-1+a+bx ~/1+a+bx
iabxLog| -
bx |-vV-1+a+bx vV1l+a+bx + ab’x
1-a?

Problem 87: Result unnecessarily involves imaginary or complex numbers.

JAPcCosh [a+bx]
4

X
X

Optimal (type 3, 154 leaves, 7 steps):

bv-1+ra+bx V1+a+bx ab2+/-1+a+bx Vl+a+bx
+
6(1—a2)x2 2 (17a2>2x

(1+2a%) b Ar‘cTan[M}
) Via  Tabx

3 x3 3 <1732)5/2

ArcCosh[a + b x]

Result (type 3, 162 leaves):
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1|byv-1+a+bx V1+ra+bx <1—a2+3abx) 2 ArcCosh[a + b x]

6 (—1+a2)2x2 x3

12 (1—a2)3'/2 [—1’1+1‘L a’+i abx+/1-a2 +/-1l+a+bx ~/1+a+bx ]
b> (x+2 a? x)

(1_ az)S/Z

i (1+2a?) b?Log|

Problem 122: Result more than twice size of optimal antiderivative.

J(a+bAr‘cCosh[c +dx] )4d1x

Optimal (type 3, 129leaves, 6 steps):

. 240%+/-1+c+dx V1+c+dx (a+bArcCosh[c+dx])
24 b* x — +

d
12b% (c+dx) (a+bArcCosh[c+dx])?
d
4b+-1+c+dx V1i+c+dx (a+bAr‘cCosh[c+dx})3 (c+dx) (a+bArcCosh[c+dx])*

+

d d

Result (type 3, 261 leaves):

i((a4+12a2b2+24b4) (c+dx) -

4ab (a2+6b2) vV-1l+c+dx VJ1l+c+dx -4b (7a3 (C+dx> - 6ab? (C+dx> +

3a2b/-1+c+dx V1i+c+dx +6b3+/-1+c+dx \/1+c+dx)Ar‘cC05h[c+dx} +
6 b2 (a2 (c+dx) +2b> (c+dx) -2ab~/-1+c+dx \/1+c+dx)Ar‘cCosh[c+dx]2—
4p3 (—a (c+dx)+bv-1+c+dx \/1+c+dx)Ar‘cCosh[c+dx]3+b4 (c+dx) ArcCosh[c +dx]*

Problem 124: Result more than twice size of optimal antiderivative.

J(aerAr‘cCosh[c+dx])4
dx

(ce+dex)2

Optimal (type 4, 264 leaves, 13 steps):
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(a+bArcCosh[c +dx] )4 8b (a+bArcCosh[c+dx] )3 ArcTan | ehrccoshic+dx] |
+
de? (c+dx) d e?

12 i b? (a+bArcCosh[c+dx] )2 PolyLog[2, -1 eArcCoshic+dx] ]

+
de?

121 b? (a+bArcCosh[c+dx] )2 PolyLog[2, i eArccoshic-dx]]
de?
24 i b* (a+bArcCosh[c+dx]) Polylog|3, -i eArccoshic:dx] |

+

de?
24 b* (a+bArcCosh[c+dx]) PolylLog|3, i eArccoshic+dx] ]
de? B
24 i b* Polylog |4, - i efrecoshic+dxl ] 24 j b* PolylLog |4, i efrccoshic:dx]]
de? ' d e2

Result (type 4, 872leaves):

1 at 3 ArcCosh[c +dx] 1
— |- +4a%b (— +2ArcTan|[Tanh| = ArcCosh[c+dx] ||| -
de? c+dx c+dx 2
1 ArcCosh[c +dx
61 a?b? |ArcCosh[c+dx] |- : ] +2Log[1- i eArecoshlcrdx]] _

c+dx

2 Log [1 + 1 @ArcCoshlc+dx] ] ) +2 Polylog [2’ _{ @-ArcCoshlc+dx] ] _

ArcCosh[c +dx]3
2 PolyLog[z, j @ArcCosh[c+dx] ]) +4ab3 [ [c+ ] .

c+dx
33 (*AI"CCOSh[C +d X}z (Log[l _i e—ArcCosh[mdx]] _ Log[l +i e—Ar‘cCosh[udx] ]) _

2 ArcCosh[c+dx] (PolyLog[2, -i e Arccoshicsdx) | _polylog[2, i e Arccoshicdx)]) _

2 PolyLog [3’ _j @ ArcCosh[c+dx] ] + 2 Polylog [3, i @ ArcCosh[c+dx] ] ) +

4 7i0* 1 3 3., 5 3
b* | - + — " ArcCosh[c +d x] - — 1 7t* ArcCosh[c +d x]“ - 2 tArcCosh[c +d x]° +
16 2 2

ArcCosh[c +dx]*4

1
1% - +=rllog[l+ie
c+dx 2
3 i s ArcCosh[c +dx] Log[1 + i e Arecoshicrdx]
6 7 ArcCosh[c +d x]? Log[1 + 1 e Arccoshlcrdx ], 4§ ArcCosh[c +dx]? Log[1 + i e Arecoshicrdx]]

3 i 7 ArcCosh[c +dx] Log[1 - i eArecoshlerdx ],

i ArcCosh[c +dx ~ArcCosh[c+d x] ] _

1
6 ;1 ArcCosh[c +d x] 2 Log [1 _ { @ArcCosh[c+dx] ] o3 Log[l + 1 @hrcCoshc+dx] } _
2

4 i ArcCosh[c+dx]® Log[1 + i efrecoshicrdx]] %7? Log|[Tan [i
3i (m-21iArcCosh[c+dx] )2 PolyLog[2, - i e Arccoshlerdx] | _
12 i ArcCosh[c +d x]2 PolylLog[2, - i efrecoshlcrdx]] ;3§ 72 polylog|2, i efrecoshlerdx]]
12 7t ArcCosh [c + d x] PolylLog|[2, i eArecoshic=dx]] 4 12 rpolylog[3, -i e Arccoshicrdx]]
24 i ArcCosh[c +d x] Polylog|[3, - i e Arccoshicxdx |,

24 i ArcCosh[c +d x] PolyLog|3, -i efrecoshicrdxl] _ 12 rpolylog|3, i efrecoshlcrdxl]

(m+21iArcCosh[c+dx])|]+

24 i Polylog|4, -i e Arecoshlerdx] _ 24 j polylog|4, - i efrecoshlcrdx]] ] J
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Problem 125: Result more than twice size of optimal antiderivative.

J<a+bAr‘CCOSh[C+dX])4 4
X

(ce+dex)3

Optimal (type 4, 195leaves, 10 steps):

2b (a+bAr‘c:Cosh[c+dx1)3 2by/-1+c+dx Vi+c+dx (a+bArcCosh[c+dx])?
. _

de3 de3(c+dx)

(a+bArcCosh[c+dx])* 6b? (a+bArcCosh[c+dx])?Log[1 +e2ArcCoshicrdx]]

2de3 (c+dx)2 de?

6b> (a+bArcCosh[c+dx]) PolyLog[2, -e2ArcCoshicsdx] | 34 polylog|3, - e2ArcCoshicdx] |

"
de de3

Result (type 4, 398 leaves):
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1
2ded
a* 4a3b+/-1+c+dx V1+c+dx 4adbArcCosh[c+dx] b*ArcCosh[c+dx]?
- + - - +
(c+dx>2 c+dx (c+dx)2 (c+dx)2
clrexdX (1+c+dx) ArcCosh[c+dx]
2 Lrerdx ArcCosh[c +dx]?2
12a°b - -Log[c+dx] | +
c+dx 2(c+dx)2
3 | 29X (14 c+dx) ArcCosh[c +dx]
1+c+dx
4ab® |-ArcCosh[c+dx] |3 ArcCosh[c+dx] - +
c+dx

ArcCosh[c +dx]?

(C+dx)2

‘6 Log [1 4 e—ZAr‘cCosh[c+d x] ]

+ 3 Polylog [2’ _ @ 2ArcCosh[c+dx] }

+

\/ﬁ (1+c+dx) ArcCosh[c +dx]
l+c+dx

2b* |2 ArcCosh[c+dx]? |-ArcCosh[c +dXx] + -
c+dx

3 Log [1 + e—ZAr‘cCosh[ud x] ] 4

6 ArcCosh[c +d x] PolylLog |2, -e 2Arccoshicdx] ], 3polylog|3, - e 2Arccoshicrdx] ]

Problem 126: Result more than twice size of optimal antiderivative.

J(a+bAr‘cCosh[c+dx])4
dx

(ce+dex)4

Optimal (type 4, 432 leaves, 21 steps):
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2b% (a+bArcCosh[c+dx])? 2b+/-1+c+dx V1+c+dx (a+bArcCoshic+dx])?

N
de* (c+dx) 3de4(c+dx)2

(a+bArcCosh[c+dx] )4 8b* (a+bArcCosh[c+dx]) ArcTan |eArccoshicrdx] |

+

3de4(c+dx)3 de?

4b (a+bArcCosh[c+dx])>ArcTan[errcCoshic=dx] | 4 b* Polylog[2, - i eArccoshicdx]
+

3det de*
21i b? (a+bArcCosh[c+dx] )2 PolyLog[2, - i eArccoshic+dx] ]

de?

4 i b*Polylog[2, i efrccoshicrdxl] 3 p2 (a+bArcCosh[c+dx] )2 Polylog|2, i efrcCoshic:dx]]

+

de* de*
4ib® (a+bArcCosh[c+dx]) PolyLog[3, -i eArcCoshicrdx]]
de* )
41 b* (a+bArcCosh[c+dx]) PolylLog|3, i eArccoshicrdx]]
de* )
4 i b*Polylog[4, -i efrecoshic=dxl | 4 b% polylog|4, i eArcCoshicrdx] |
de* : de*

Result (type 4, 1374 leaves):

2t
+4a3by-1+c+dx

73de4 (c+dx)3

—licedx (1 rc+d x)
liced x ArcCosh[c +d x]

6(c+dx)2 3<c+dx)3 3 2

4 -1+c+dx
de —— V1+c+dx | +

l1+c+dx

~lrerd x (1+c+dx) ArcCosh[c +dx]
1 1+c+dx

1 1
+ = ArcTan|Tanh|[ = ArcCosh[c+dx] ||

ArcCosh[c +d x]?

/

2a2b?+v-1+c+dx +

c+dx (c+dx)2 <c+dx)3

i ArcCosh([c +dx] Log[1 - i e Arccoshlerdx]]

+1iArcCosh[c+dx] Log[l+ie

i PolylLog [2, _j @ ArcCosh[c+dx] } + 1 PolyLog [2, i @-ArcCosh[c+dx] } /

—-ArcCosh[c+d x] ] _

+
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4 -1+c+dx 1
de —— J1+c+dx +

l1+c+dx
det [ 14X /1 icidx
1+c+d x
—redX (1 4 ¢+ dx) ArcCosh([c +dx]?2
ArcCosh[c +d x] Lrerdx ArcCosh[c +dx]?3
+ _

c+dx 2(c+dx)2 E’:(c+dx)3

4ab>V-1+c+dx

N |

ArcCosh[c +dx]2Log[1+ i e recoshiexdx]] 4 5 ApcCosh[c +d x]
PolylLog|2, - i e ArcCoshicsdx]] _ 2 ArcCosh[c +dx] PolylLog[2, i e Arccoshicrdx]]

2 PolylLog {3, _ i @ ArcCosh[c+dx] } -2 Polylog [3, i @ArcCosh[c+dx] ] +
1

ded | Lxewdx J9 ¢ dx
1+c+dx

1
=i (8+n?-41inArcCosh[c+dx] -4ArcCosh[c+dx]?) PolylLog|2, - i e Arccoshicrdxl ] _
2

b*vV-1+c+dx

1 4 . ) , 1921 ArcCosh[c+dx]?
— 1 |7 7% +81 7 ArcCosh[c +dx] + 24 7 ArcCosh[c +d x]“ + -

96 c+dx

641 | Z=<9X (1. c.dx) ArcCosh[c+dx]3
l+c+dx

32 1 stArcCosh[c +dx]3+ -16
(C+dX>2

32 i ArcCosh[c+dx]*
(C +d X) 3
8177 Log[1+ i eArecoshlcrdxl] , 384 ArcCosh[c +d x] Log[1 + i e Arccoshlerdx]]
48 7 ArcCosh[c +d x] Log[1 + i e Arccoshicrdx]
96 i mArcCosh[c +dx]2 Log[1+ i e Arecoshie+dx] | _ g4 ArcCosh([c +d x]>
Log[1 + i e Arccoshicrdx] ] _ 48 52 ArcCosh[c +d x] Log |1 - i eArecoshlerdx]]
96 i st ArcCosh[c +d x]? Log|[1 - i errecoshicrdx] ] _g i 53 Log[1 + 1 efrecoshicrdxl] | g4

ArcCosh[c+dx]*%-

1
i (—4 i ArcTan|Tanh| = ArcCosh[c +dx]]] + ArcCosh[c +dx]? Log[1 - i e ArcCoshicrdx]] _
2

| 55

- 384 ArcCosh[c +d x] Log[1 - i e ArcCoshlcrdx]]
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ArcCosh[c+dx]® Log|[1 + i efrecoshlerdx]] g 3 Log[Tan[1 (m+2iArcCosh[c+dx]) ||+
4

384 PolyLog[2, i e Arecoshic+dxI] 4 192 ArcCosh[c +d x]2 PolyLog[2, - i efrecoshicrdx]] _

48 n* Polylog|2, i efrecoshic+dxl] 1 192 j yr ArcCosh[c +d x] Polylog|2, i eArecoshicrdx]]
192 i 1 Polylog |3, - i e Arccoshlerdx] ], 384 ArcCosh[c +d x] PolylLog[3, - i e Arccoshlcrdx] ] _
384 ArcCosh[c +d x] Polylog[3, -i efrecoshic+dxl ] _ 192 j 5 Polylog|3, i efrecoshicrdxl]

384 PolyLog[4, - i e Arccoshicrdxl ], 384 polyLog[4, - i efrecoshic dx]]

Problem 163: Result more than twice size of optimal antiderivative.

j(ceerex)2 (a+bArcCosh[c+dx])>?dx

Optimal (type 4, 408 leaves, 26 steps):

5b2e? (c+dx) Va+bArcCosh[c+dx] 5b?e? (c+dx)’>~/a+bArcCosh[c+dx]

+ —

6d 36d
5be?y/-1+c+dx V1+c+dx (a+bArcCosh[c+dx])>?
9d
5be?v/-1+c+dx (c+dx)*/1+c+dx (a+bArcCosh[c+dx])*?
N
18d
5/2 A2 /b a+b ArcCosh[c+d x]
e? (c+dx)? (a+bAr‘cCosh[c+dx])5/2_15b e?e?® \/rr Erf] b ] i
3d 64d
= b \/?\/m -2 . a+b ArcCosh[c+d x]
5b%2e?er [Z Erf| = ]_15b5/2e2<em/7Em°1[ e ]_
576 d 64d
3a
5b52e2e o [T Erfi /3 [arbArcCoshicidx]
ee v [1 Er if = ]
576d

Result (type 4, 909 leaves):

e? |432a%c+/a+bArcCosh[c+dx] +
1728 d

1620 b% c+/a + bArcCosh[c+dx] +432a?dx+/a+bArcCosh[c+dx] +

) -1l+c+dx
1620b%>d x v/ a+bArcCosh[c+dx] -1080ab | ————— ~+/a+bArcCosh[c+dx] -

l+c+dx

-1+c+dx
1880abc | —————— +Ja+bArcCosh[c+dx] -1080abdx

l1+c+dx
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va+bArcCosh[c+dx] +864abcArcCosh[c+dx] a+bArcCosh[c+dx] +
864 abdxArcCosh[c+dx] va+bArcCosh[c+dx] -

-1+c+dx

1080 b? ArcCosh[c +dx] va+bArcCosh[c+dx] -

l+c+dx

-1+c+dx

1080 b? ¢ ArcCosh[c +dx] va+bArcCosh[c+dx] -

l+c+dx

5 -l+c+dx
1680 b>dx | ————— ArcCosh[c +dx] va+bArcCosh[c+dx] +

l+c+dx

432 b% c ArcCosh[c +dx]2+/a+bArcCosh[c+dx] +
432 b%dx ArcCosh[c +dx]%2+/a+bArcCosh[c+dx] +
144 a®> </a + b ArcCosh[c + d x] Cosh[3 ArcCosh[c+dx]] +

60 b%+/a + bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +

288 ab ArcCosh[c +dx] v/a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +
144 b? ArcCosh[c + dx]2+/a + b ArcCosh[c + d x] Cosh[3ArcCosh[c+dx]] -

\/a+bArcCosh[c+dx] ]

405 b2/t Cosh [ i} Erfi [

)
5b5/2\/ﬁCosh[3—a} Erﬁ[\/?\/a+bAr‘cCosh[c+dx] }+
b \/F

405b5/2\/7Erﬁ[\/a+bAr‘cCosh[c+dx] }Sinh[i]-

Vb b
405 b5/2 /57 rf V2 DAPcCoshicdX] | [Cosh[i] +Sinh[i}) ,

Vb b b
5b5/szrFi{\/?\/a+b/-\r‘CCOSh[C+dX] }Sinhf—a}_

Vb b
5b5/szr‘_F[\/?\/a+bAr‘cCosh[c+dx] ] Cosh[B—a}+sinh[3—a})f

Vb b b

120ab+/a+bArcCosh[c+dx] Sinh[3ArcCosh[c+dx]] -

120 b2 ArcCosh[c + dx] v/a + b ArcCosh[c + d x] Sinh[3 ArcCosh[c +dx]]

Problem 167: Result more than twice size of optimal antiderivative.

J(ceerex)2 (a+bArcCosh[c+dx])’'?dx

Optimal (type 4, 509 leaves, 35 steps):
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175b3e2+/-1+c+dx V1+c+dx /a+bArcCosh[c +dx]

54d
35b3e2m(c+dx)2\/1+c+dx ~/a+bArcCosh[c +dx]
216d '
35b%e? (c+dx| (a+bAr‘cCosh[c+dx])3/2 35b2e? (c+dx)3 (a+bAr‘cCosh[c+dx])3/2
18.d ' 108 d )
7be?+/-1+c+dx V1+c+dx (a+bArcCosh[c+dx])*?
9d .
7be2\/m<c+dx)2\/m(a+bAr‘cCOSh[c+dx])5/2
18d :
e? (c+dx)> (a+bArcCosh[c+dx])"? 105b7/2 @2 e2/* /1 Erf| a+bAmj;—Sh[c+dX] ]
3d ) 128d i
22 3 JasbArcCoshlcrdx] 2 . 1 1/a+bArcCosh[c+d x
35b7/2e2eb\/?Er‘-F[r e [ ]}+195b7/2e2ebv7£m°1[ W[ ]]+
3456 d 128d
e VT Jarbarccoshiciax]
35b7/2e?e EEPfl[ﬁ abA;CFCOSh[C dx] ]
3456 d

Result (type 4, 1435leaves):

1
10368d

e? [2592 a3 c+va+bArcCosh[c+dx] +

22680 ab%c+/a+bArcCosh[c+dx] +2592a3dx+/a+bArcCosh[c+dx] +

) - ) -1l+c+dx -
22680ab?dx+a+bArcCosh[c+dx] -9872a’b | ————— +/a+bArcCosh[c+dx]

1+c+dx

3 -1l+c+dx B )
34020b> | ————— +/a+bArcCosh[c+dx] -9072a%bc

l+c+dx

-1l+c+dx

vJa+bArcCosh[c+dx] -34020b3c \Ja+bArcCosh[c+dx] -

1+c+dx

) -l+c+dx 3
9072a’bdx | ————— +Ja+bArcCosh[c+dx] -34020b3dx

l1+c+dx

vJa+bArcCosh[c+dx] +7776 a’bcArcCoshc+dx] \/a+bArcCosh[c+dx] +
22680 b3 c ArcCosh[c +dx] v a+bArcCosh[c+dx] +7776a?bdxArcCosh[c+dX]
va+bArcCosh[c+dx] +22680b3dxArcCosh[c+dx] +a+bArcCosh[c+dx] -

) -1+c+dx B
18144 ab> | ————— ArcCosh[c +dx] +/a+bArcCosh[c +d x]

1+c+dx
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-1+c+dx

18144 ab?c ArcCosh[c +dx] va+bArcCosh[c+dx] -

l1+c+dx

) -l+c+dx
18144ab?dx | —————— ArcCosh[c+dx] va+bArcCosh[c+dx] +

l1+c+dx

7776 ab? c ArcCosh[c +dx]%+/a+bArcCosh[c+dx] +
7776 ab?d x ArcCosh[c +d x]?+/a +bArcCosh[c+dx] -

-1+c+dx

9072 b3 ArcCosh[c +dx]2+/a+bArcCosh[c+dx] -

l1+c+dx

-1+c+dx

9072 b3 ¢ ArcCosh[c +dx]2+/a+bArcCosh[c+dx] -

l+c+dx

3 -1+c+dx )
9072b3dx | —————— ArcCosh[c+dx]2~+/a+bArcCosh[c+dx] +

1+c+dx

2592 b3 c ArcCosh[c +d x]3+a+bArcCosh[c+dx] +

2592 b®> d x ArcCosh[c +d x]3+/a+bArcCosh[c+dx] +

864 a%>+/a + bArcCosh[c + dx] Cosh[3 ArcCosh[c+dx]] +

840 ab%+/a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +

2592 a? b ArcCosh[c +d x] v/a + bArcCosh[c +dx] Cosh[3ArcCosh[c+dx]] +
840 b3 ArcCosh[c +d x] v/ a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +
2592 a b2 ArcCosh[c +d x]2+/a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +
864 b> ArcCosh[c +dx]>+/a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +

va+bArcCosh[c +dx] ]
N

8505 b7/ /7 Cosh]| E] Erfi|

Vb
3 3 b ArcCosh|c + d
35672377 Cosh| =] Er‘fi[\/—\/aJr recoshfexdx ) _
b \/F
b ArcCosh c + d
8505 b7/2 /7 Enfy| V2T DAPCCOShIcHdX] )y A
/b :
b ArcCosh c + d
8505b7/2\/7Er‘f[\/a+ retoshic+dx] Cosh[3]+51nh[3]J_
Jb b b
3 b ArcCosh [c + d 3
3567237 Er'-Fi[r\/aJr recoshicr X1 ) sinn[22) -
Vb b
3 b ArcCosh|c + d 3 3
35b7/2+/3 71 EmC[\F\/a+ retoshic+dx Cosh[—a]+sinh[—a]J—
Ny b b

1008 a’b+/a + b ArcCosh[c +d x] Sinh[3 ArcCosh[c+dx]] -
420b3+/a+bArcCosh[c+dx] Sinh[3 ArcCosh[c+dx]] -
2016 a b?> ArcCosh[c + d x] \/a + bArcCosh[c +dx] Sinh[3 ArcCosh[c+dx]] -
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1008 b> ArcCosh|[c + dx]2+/a + bArcCosh[c + d x] Sinh[3 ArcCosh[c +dx]]

Problem 195: Result unnecessarily involves imaginary or complex numbers.
J(ce+dex)7/2 (a+bArcCosh[c+dx]) dx

Optimal (type 4, 189leaves, 8 steps):
28be?~/-1+c+dx (e (c+dx))**V1+crdx

405 d
4b~/-1+c+dx (e (c+dx))”?V1i+c+rdx 2(e(c+dx))?? (a+bArcCosh[c+dx])
N _
81d 9de

28be*I-c-dx +fe (c+dx] Elliptick[arcsin[cdx], o]

135d+/-c-dx V-1+c+dx

Result (type 4, 219leaves):

(e(c+dx))7/2 30a (c+dx) - 28b -

135d
JTTrcrdx (cedx)¥? | edx
1+c+dx

4b+/-1+c+dx V1+c+dx (7+5c?+18cdx+5d*x?)

+3@b (c+dx) ArcCosh[c+dx] -

3 (C +d X) 2
281 b\/ crdx LecrdX E]1ipticE i ArcSinh | —2—], 2]
1+c+d x -1+c+d X N ~1rc+dx

(C+dX>7/2 [ c+d x
-1l+c+d x

Problem 196: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)5/2 (a+bArcCosh[c+dx]) dx

Optimal (type 4, 169 leaves, 8 steps):
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20be?/-1+c+dx /e (c+dx) V1+c+dx

147 d
4b~-1+c+dx (e (c+dx))5/2m 2 (e (c+dx>)7/2 (a+bArcCosh[c+dx])
49d : 7de )
20be5/2~/1-c-dx EllipticF[ArcSin| ‘”;;X) ], -1]
147d~/-1+c+dx
Result (type 4, 164 leaves):

. 1r
147d (c+dx)2

2 (e (c+dx))5/2 21a (c+dx)3—2b\/—1+c+dx Vi+c+dx (5+3c?+6cdx+3d*x?) +

10ib | 29 EllipticF|[i ArcSinh|[ —2—], 2]
-1+c+d x \-1l+c+d x
c+d x
[ =9X— \J1ic+dx
-1+c+d x

21b (c+dx)>ArcCoshc+dx] -

Problem 197: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)3/2 (a+bArcCosh[c+dx]) dx

Optimal (type 4, 145leaves, 6 steps):
4b+-1+c+dx (e (c+dx))3/2\/1+c+dx 2 (e (c+dx>)5/2 (a+bArcCosh[c+dx])

+ —

25d 5de
12be+/1-c-dx /e (c+dx) EllipticE[Ar‘cSin[@], 2]

25d+/-c-dx V-1+c+dx

Result (type 4, 190 leaves):

| 61
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1
25d
3/2 6b
2(e(c+dx)) 5a(c+dx)— “2bv/-1+c+dx V1+c+dx +
vV-1l+c+dx Jcrdx crdx_

1+c+dx

1+c+dx ~1l+c+dx A -1l+c+d x|
<C+dX>3/2 c+d x
-1l+c+d x

Problem 198: Result unnecessarily involves imaginary or complex numbers.

j\/ce+dex (a+bArcCosh[c+dx]) dx

Gij crdx \/1*“‘“ EllipticE[i ArcSinh| —2—], 2]
5b (c+dx) ArcCosh[c+dx] -

Optimal (type 4, 127 leaves, 6 steps):
4b~/-1+c+dx Je (c+dx) V1+c+dx 2 (e (c+dx))*? (a+bArcCosh[c+dx])
- +

9d 3de
4b~Je V1-c-dx EllipticF[ArcSin[@], 1]
e
9d+vV-1+c+dx

Result (type 4, 133 leaves):

L2 e(c+dx> 3a(c+dx)—2b\/—1+c+dx Vi+crdx +

9d
2ib | 29X EllipticF[i ArcSinh[ —2—], 2]
“licedx v orcadx
| s iicrax
Problem 199: Result unnecessarily involves imaginary or complex numbers.

Ja +b ArcCosh[c +d x]
Vce+dex

Optimal (type 4, 104 leaves, 4 steps):

3b (c+dx) ArcCosh[c+dx] -

dx
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2./e(c+dx) (a+bArcCosh[c+dx])

de

4b+/1-c-dx /e (c+dx) EllipticE[Ar‘cSin{%], 2]

dev-c-dx V-1+c+dx

Result (type 4, 163 leaves):

1 2b (c+dx)*? 1
2 |a(c+dx) - +b (c+dx) ArcCosh[c+dx] -

d./e(c+dx
( ) V-o1+c+dx _Cadx _crdx
1+c+dx ~1l+c+dx

c+dx l+c+dx 1
2ib+/c+dx - et EllipticE|[i ArcSinh| ————], 2]
l+c+dx -l+c+dx VJ-o1+c+dx

Problem 200: Result unnecessarily involves imaginary or complex numbers.

a+bArcCosh[c +dXx]
J dx

(ce+dex)3/2

Optimal (type 4, 84 leaves, 4 steps):
2 (a+bArcCosh(c +dx]) 4b+/1-c-dx EllipticF[ArcSin[l:e(j;X) |, -1]
N
de e(c+dx) de¥2+/-1+c+dx

Result (type 4, 115leaves):

-2+V/1+c+dx (a+bArcCosh[c+dx]) +

4ib (c+dx) \/%EllipticF[iArcSinh[ﬁ], 2]
~1+C+ -1l+c+d X
/&
-l+c+d x

Problem 201: Result unnecessarily involves imaginary or complex numbers.

/(deﬂle (c+dx) Vi+c+dx

a+bArcCosh[c +dXx]
J dx

(ce+dex)5/2
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Optimal (type 4, 150 leaves, 7 steps):
4b+/-1+c+dx V1+c+dx 2 (a+bArcCosh[c+dx])

soorfelcan  3delelenan)t

4b+1-c-dx /e (c+dXx) EllipticE[Ar‘cSin[@], 2]

3de3+/-c-dx v/-1+c+dx

Result (type 4, 197 leaves):

2b d 7/2
2 7a(c+dx)f <C+ X)

+2by-1+c+dx <C+dX>2\/1+C+dX -
e TR

1+c+dx
1 c+dx
b (c+dx) ArcCosh[c+dx] - ———2ib <c+dx)5/2 e
4 1+c+dx
c+a X
-1l+c+d x

Arcrdx EllipticE i ArcSinh[;], 2] /(3d (e (c+dx))5/2)
\| ~1+c+dx V-lvc+dx

Problem 202: Result unnecessarily involves imaginary or complex numbers.
Ja+bAr‘cCosh[c+dx]

X
(ce+dex)7/2

Optimal (type 4, 130leaves, 7 steps):

4b/-1+c+dx V1+c+dx 2 (a+bArcCosh[c+dx])

15de? (e (c+dx))>? 5de (e (c+dx))>?
4mellipticF[Arcsin[@], -1]
e
15de’2+/-1+c+dx

Result (type 4, 121 leaves):

[2 (—3a+2bC\/—1+c+dx Vi+c+dx +2bdx+/-1+c+dx V1+c+dx -3bArcCosh[c+dx] -

iV2 b (c+dx)>?EllipticF[iArcSinh[+/-1+c+dx |, %]])/ (15de (e (C+dx>)5/2)
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Problem 203: Result unnecessarily involves imaginary or complex numbers.
J(ce+dex)7/2 <a+bAr‘cCosh[c+dx])2dlx
Optimal (type 5, 165leaves, 3 steps):

2 (e (c+dx)>9/2 (a+bAr‘cCosh[c+dx])2
9de

(Sb (e (c+dx))*? /1~ (c+dx)? (a+bArcCosh[c+dx])

1 11 15

Hypergeometric2F1[ ~, —, —, (c+dx)?] /(99de2\/—1+c+dx V1+c+dx ) -
20 4’ a
13 13 15 17
= 16b? dx)) /2 H tricPFQ[{1, =, =}, {=, =}, (c+dx)?
P (e (c+dx)) ypergeometricPFQ| { 2 s | 2 by (c+dx)?]

Result (type 5, 303 leaves):

=l (e (c+dx))”?|2a® (c+dx) +4ab (c+dx) ArcCosh[c+dx] -

9d
1 c+dx 21+14<c+dx)+2(c+dx>3+5(c+dx)5
— 8ab +
45 (c+dx)’’? l+c+dx V-1+c+dx

21i | B9 EllipticE[iArcSinh|[ —2—], 2]
-1l+c+d x V-lrcrdx
c+dx
-1l+c+d x

2
— b® (c+dx) ArcCosh[c +d x]
11

11 ArcCosh[c +d x] +

-l+c+dx . 13 15 5
4 (c+dx) | ———— (1+c+dx) Hypergeometric2F1[1, —, —, (c+dx)*]| -
1+c+dx 4 4

[945 b2 n (c+dx)3Hyper'geometr‘icPFQ[{1, E, E}, {E, E}, (c+dx)2]]/
4 4 4 4

(512 /2 Gamma [ E] Gamma | E] ]

4 4
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Problem 204: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(ce+dex)5/2 (a+bArcCosh[c+dx])?*dx

Optimal (type 5, 165leaves, 3 steps):
2 (e (c+dx)>7/2 <a+bAr‘cCosh[c+dx])2

7de
(Sb (e (c+dx))®?+/1- (c+dx)? (a+bArcCosh[c+dx])

Hyper‘geometriczFl[l, 2, =, (c+dx)?] /(63de2\/—1+c+dx \/1+c+dX)_
2" 4’ 4
693de316 b? (e (c+dx))*'? HypergeometricPFQ[ {1, 14—1, 14—1}, {14_3, %}, (c+dx)?]

Result (type 5, 369 leaves):
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1

6174 d (<:+dx)2

1

V1i+c+dx

(e (c+dx))5/2 1764 a (c+dx)3+3528ab (c+dx)3Ar‘cCosh[c+dx] -

336ab |[V-1+c+dx (5+5 (c+dx> +3 (C+dx)2+3 (c+dx>3) +

5i | A<9X EllipticF|i ArcSinh| —2—], 2]
-1+c+d x A/ -1+c+d x
+b? 11336 (c+dx) -

c+d x
-1l+c+d x

(1+c+dx) ArcCosh[c+dx] +1323 (c+dx) ArcCosh[c+dx]?+

-1+c+dx
1932 _—
1+c+dx

72 Cosh[3 ArcCosh[c +d x]] + 441 ArcCosh[c + d x]? Cosh[3 ArcCosh[c +d x]] +

-1+c+dx

, 3 s ,
1680 (1+c+dx) ArcCosh[c +dx] Hypergeometric2F1[ =, 1, =, (c+dx)?] -

l1+c+dx 4 4

> 1) feax)?]) /

)

(210 N2 o (c+dx) Hyper‘geometr‘icPFQ[{

5 7
(Gamma[—} Gamma[—]) - 252 ArcCosh[c +d x] Sinh[3 ArcCosh[c +d x]]
4 4

Problem 205: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)3/2 (a+bArcCosh[c+dx])?dx

Optimal (type 5, 165leaves, 3 steps):
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2 (e (c+dx)>5/2 <a+bAr‘cCosh[c+dx])2

S5de
8b (e (c+dx))”*+/1- (c+dx)? (a+bArcCosh[c+dx])

Hyper‘geomEtr‘iCZFl{l’ Z’ E’ (C+dx>2} /(35de2\/—1+c+dx \/1+c+dX ) B
274 a4
g 00 (& (€ dx) ) FHypergeonetricPro {1, %’ 49:}) {14_1) 14_3}: (c+dx)?]

Result (type 5, 326 leaves):

1 3/2
3 (e (c+dx))

8 3
2a® (c+dx) +4ab (c+dx) ArcCosh[c+dx] + —ab |- -

5
V-l+c+dx Ve+dx | -Sxdx
1+c+d x

3]1\/ cadx \/1*“‘“ EllipticE[i ArcSinh|[ —2—], 2]
1+c+d x -1l+c+d x A/ -1l+c+d x

\/—1+C+dx \/1+C+dx -

(C+dX)3/2 c+d x
-1l+c+d x

2, -l+c+dx
—b? (c+dx) ArcCosh[c+dx] |7ArcCosh[c+dx] +4 (c+dx]

7 l1+c+dx

e

(1+c+dx) Hypergeometric2Fi|1, 3, 1:1, (c+dx>2] -

[15 b? 7 (c +dx)> HypergeometricPFQ[ {1,

11 13
G -
} amma[ ]

(32 \/2 Gamma [

Problem 206: Result unnecessarily involves imaginary or complex numbers.

J\/ce+dex (a+bAr‘cCosh[c+dx])2d1x

Optimal (type 5, 165leaves, 3 steps):
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2 (e (c+dx)>3/2 (a+bAr‘cCosh[c+dx])2
3de

8b (e (c+dx))**+/1- (c+dx)? (a+bArcCosh[c+dx])

Hyper‘geomEtr‘iCZFl{l’ E’ 2’ <c+dx>2]J/ (15de2\/—1+c+dx \/1+c+dX ) N
2 4 4
tosae 0 (@ (c+dx])] " HypergeometricPFQ {1, %’ 47:}: {49} 14_1}: (c+dx)?]

Result (type 5, 298 leaves):
1

27d

e (c+dx) 18 a? (c+dx> _24aby-1+c+dx V1+c+dx +36ab (c+dx) ArcCosh[c +dx] -

-1+c+dx

24 b? (1+c+dx) ArcCosh[c+dx] +2b* (c+dx) (8+9ArcCosh[c+dx]?) -

1+c+dx

24iab | 29X El1lipticF[i ArcSinh|[ —2—], 2]
-l+cedx V -1l+c+d x
—<dX_ \f14c+dx
-1l+c+d x

-1+c+dx

3 5
(1+c+dx) ArcCosh[c +dx] Hypergeometric2F1| =, 1, —, (c+dx)2] -
1+c+dx 4 4

24 b?

)

[3 A2 b2 (c +dx) HypergeometricPFQ| {

Gamma [ Z] Gamma [ 41} )

Problem 207: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr~cCosh[c+dx])2
dx

Vce+dex
Optimal (type 5, 163 leaves, 3 steps):
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2./e (c+dx) (a+bArcCosh[c+dx])?

de

(Sb (e (c+dx))*?*+/1- (c+dx)? (a+bArcCosh[c+dx])

, 1 3 7
Hypergeometric2F1[ =, =, —
2 4 4

R <C+dx>2]J/(3de2\/—1+c+dx \/1+c+dx)—
bAZ 2 (e dx)?]

5
4 4 4

16 b2 (e (c +dx) ) HypergeometricPFQ[ {1,

3

15de3

H |

Result (type 5, 268 leaves):

1

24a%* (c+dx) +48ab | (c+dx) ArcCosh[c+dx] -

12d./e (c+dx)
c+dx
2 N
1+c+dx
1

EllipticE|i ArcSinh| ————1, 2]
V-1l+c+dx

C+dX+(C+dX)2+j<1+c+dx)3/2\/ c+dx \/1+C+dx

-1+c+dx -1l+c+dx

]/(\/1+c+dx \/C+dx)

b? (c+dx)

_ ( (3 V2 n (c +dx)?*HypergeometricPFQ[ {1,

H |

L5 T (evax)?))/

3 ArcCosh[c+dx] +

Problem 208: Result unnecessarily involves imaginary or complex numbers.

7 9
(Gamma[—] Gamma[ﬂ) + 8 ArcCosh[c +d x]
4

2 Hypergeometric2F1 |1, , (c+dx)?] sinh[2ArcCosh[c +dx] ]

3

F Y,
» N

J(a+bAr‘cCosh[c+dx])2
dx

(ce+dex)3/2

Optimal (type 5, 161 leaves, 3 steps):
2 (a+bArcCosh[c+dx])?

+[8b\/e (c+dx) \/1—(c+dx)2 (a+bArcCosh[c+dx])
de./e (c+dx)

Hyper‘geometr‘icZFl[l, l, 5, <c+dx)2]J/ (deZ\/—1+c+dx \/1+c+dx)+
4> 2 4

1
3de3

16 b* (e (c+dx))3/2 HypergeometricPFQ[{i, i, 1}, {=, Z}, (c+dx)2}
4" 4 4

Result (type 5, 208 leaves):
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1

de./e (c+dx]

1 c+dx l1+c+dx 1
7Sjabm\/ i \/ o EllipticF[i ArcSinh[———], 2] +

cdn l+c+dx -1+c+dx V-o1+c+dx
-l+c+d x

[\/7 b2 rt (c+dx>2Hyper‘geometr‘icPFQHi, E, 1}, {E, Z}, (c+dx)2])/
4 4 4 4
(Gamma{i] Gamma[z}) -2 <a+bAr‘cCosh[c+dx])2+
4 4

3 5
2 b? ArcCosh[c +d x] Hypergeometric2F1 [ -1, —, (c +d x) 2] Sinh[2 ArcCosh[c +d x]]
4 4

Problem 209: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(aerAr‘cCosh[c+dx])2 i
X

(ce+dex)5/2

Optimal (type 5, 165leaves, 3 steps):
2 (a+bArcCosh(c+dx])?

3de (e (c+dx))>?

2 . 1 1 3 )
(Sb 1-(c+dx) (a+bAr‘cCosh[c+dx})Hyper‘geometr‘1c2F1[—Z, 2 (c+dx) })/
(3de2\/—1+c+dx '\,e(C‘FdX) V1i+c+dx | - 13
3de
16b? /e (c+dX) Hyper‘geometricPFQHl, l, 1}, {E, 5}, (c+dx)?]
4 4 4 4

Result (type 5, 347 leaves):
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1
3d (e (c+dx))®>?

-2a® (c+dx) -16b? (c+dx)3—4ab (c+dx) ArcCosh[c +dx] +8b? <c+dx)2 “lecrdx
1+c+dx

1

V-1+c+dx

) 3/2 c+dx l+c+dx
l+c+dx+1 (—1+C+dx>
-1l+c+dx -1l+c+dx

(1+c+dx) ArcCosh[c+dx] -2b? (c+dx) ArcCosh[c+dx]?-

3/2 c+dx
8ab(c+dx) m

C s . . 1 8 , 4 | -1+c+dx
EllipticE[i ArcSinh|[——————1, 2] [+ = b? (c+dx) _
V-1+c+dx 3 l+c+dx

(1+c+dx) ArcCosh[c +d x] Hypergeometric2F1 1, » (c+dx) 2] -

)

F Y,
NN

b2 (c+dx)5HypergeometricPFQ {1, %, i}, {i, %}, (c+dx)2}
[2
4

]

[
2 \EGamma[i] Gamma

Problem 210: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cCosh[c+dx1)2 ;
X

(ce+dex)7/2

Optimal (type 5, 165leaves, 3 steps):
2 (a+bArcCosh(c+dx])?

5de (e (c+dx))>?

)

(Sb 1- (c+dx)2 (a+bArcCosh[c+dx]) Hypergeometric2F1 |-

(15de2\/—1+c+dx (e (c+dx))3/2\/1+c+dx)+

16 b2 Hyper‘geometr‘icPFQ[{—i, —i, 1}, {5, 2}, (c+dx)?]

4 4
15de3. /e (c+dx)

Result (type 5, 272 leaves):

s (c+dx)2})/

NI
IS

5w
-
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1
15de (e (c+dx))5/2

-6a’+4ab |-3ArcCosh[c+dx] + (c+dx) (2\/—1+c+dx Vi+c+dx -i2

(c+dx)*?EllipticF[i ArcSinh[v/-1+c+dx |, 1]]) -
2

) 5 -l+c+dx
b®> |16 (c+dx)?+8 (c+dx) | ———— (1+c+dx) ArcCosh[c+dx] -
l1+c+dx
) 3 | -l+c+dx
6 ArcCosh[c +dx]?-8 (c+dx) ——— (l+c+dx) ArcCosh[c +dx]
l1+c+dx

Hyper‘geometr‘icZFl[i, 1, E, (c+dx)?] + V2 n(c+dx)?
4 4
3 3 5 7 5 7
H tricPFQ[{=, =, 1}, {=, =1, dz)/(e =la6 —)
ypergeometric Q[{4 . } {4 4} (c+dx)?] amma[4] amma[4}

Problem 211: Attempted integration timed out after 120 seconds.

J(ce+dex)3/2 (a+bArcCosh[c+dx])*dx

Optimal (type 8, 89leaves, 2 steps):

(e (c+dx))5/? (a+bArcCosh[c+d x])2
2(e<c+dx)>5/2 (a+bArcCosh[c+dx])3 6bInt[ Vircrdx Vircidx

5de S5e

, x|

Result (type 1, 1leaves):
222

Problem 212: Attempted integration timed out after 120 seconds.
J\/ce+dex (a+bAr‘cCosh[c+dx])3d1x

Optimal (type 8, 87 leaves, 2 steps):

(e (c+dx)) 3?2 (a+bArcCosh[c+d x])2
2(e<c+dx)>3/2<a+bAr‘CCOSh[C+dX])3 2bInt{ VIicdx Viscidx

3de e

x|

Result (type 1, 1leaves):

???
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Problem 216: Attempted integration timed out after 120 seconds.

dx

(a+bArcCosh[c+dx])?
J 7/2

(ce+dex)

Optimal (type 8, 89leaves, 2 steps):

2
3 6b Int (a+b ArcCosh[c+d x]) X

2 (a + b ArcCosh[c +d x] ) [ W -1lrc+dx (e (c+dx))5/2+/1+c+d x ’ ]
- +

5de(e<c+dx))5/2 5e

Result (type 1, 1leaves):
???

Problem 218: Attempted integration timed out after 120 seconds.
J\/ce+dex (a+bAr‘cCosh[c+dx])4dlx

Optimal (type 8, 89 leaves, 2 steps):

8b Int [ (e (c+dx))3/2 (a+bArcCosh[c+d x])3
A/ -1l+c+d x +/ 1+c+d X
3de 3e

2 (e (c+dx))*? (a+bArcCosh[c+dx])* > X

Result (type 1, 1leaves):
22?

Problem 222: Attempted integration timed out after 120 seconds.

J(anbAr‘cCosh[c+dx])4 ;
X

(ce+dex)7/2

Optimal (type 8, 89leaves, 2 steps):

1 (a+b ArcCosh[c+d x])3
2 (a+bArcCosh[c+dx])* 8b nt[m(e<c+dx>>5/zm’ x]
- +

5de(e<c+dx))5/2 S5e

Result (type 1, 1leaves):

2?7

Problem 225: Unable to integrate problem.

J(ce+dex)"‘ (a+bAr‘cCosh[c+dx])2dlx

Optimal (type 5, 218 leaves, 3 steps):
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(e <c+dx)>1+m <a+bAr‘cCosh[c+dx])2 )
de (1+m)

(Zb (e (c+dx))*™/1- (c+dx)? (a+bArcCosh[c+dx])

. 1 2+m 4+m 5
Hypergeometric2F1[ =, , , (c+dXx) ]J/
2 2 2
(de2 (1+m) (2+m)\/—1+c+dx \/1+c+dx)—

(2 b® (e (c+dx) )3”" HypergeometricPFQ[ {1,
(de3 (1+m> (2+m) (3+m))

Result (type 8, 25leaves):

j(ce+dex)"‘ (a+bArcCosh[c+dx])?*dx

Problem 226: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(ce+dex)"‘ (a+bArcCosh[c+dx]) dx
Optimal (type 5, 118leaves, 5steps):

(e (c+dx))*™ (a+bArcCosh[c+dx]) .
de (1+m)

(b (e (c+dx))2+m (1— (c+dx>2) Hypergeometric2F1[1, 3+m, 4+m, (c+dx)2]]/
2 2

(de2 (1+m) (2+m) v-lic+dx \/1+C+dx)

Result (type 6, 398 leaves):
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1
——— (e (c+dx))"
d(1+m)< (cxdx])
1 1 3 1
—([12b\/—1+c+dx V1+c+dx AppellFl[ =, -m, - —, f,l—c—dx,f(l—c—dx)]/
2 2 2 2
1 1 3 1
[GAppellFl[—,—m,——, —,1-c-dx, —(1-c-dx)]+
2 2 2
3 1 5 1
(-1+c+dx) [4mAppellF1[ =, 1-m, -—, =, 1-c-dx, — (1-c-dx) ]+
2 2 2 2
5 1
*,1—c—dx,7(1—c—dx)] )]+
2 2

1 1 3 1
6 AppellF1[—, -m, —, =, 1-c-dx, = (1-c-dx)]+
2 2 2 2

3 1 5 1
(-1+c+dx) [4mAppellF1[ =, 1-m, —, =, 1-c-dx, — (1-c-dx)]-
2 2 2 2

3 3
AppellF1l[ =, -m, =, =, 1-c-dXx,
2 2

)+ (c+dx) (a+bArcCosh[c+dx])

Problem 236: Result more than twice size of optimal antiderivative.

ArcCosh[a x"]
J— dx
X

Optimal (type 4, 60 leaves, 5steps):

ArcCosh[ax"]2 ArcCosh[ax"] Log {1 + @2ArcCosh[ax"] ] Polylog [2’ _ @2ArcCosh|ax"] ]
- + +
2n n

2n
Result (type 4, 179leaves):
ArcCosh|[ax"| Log[x] +

(a 1-a2x2" (Ar‘csinh[xl—a2 x”]2+2Ar‘c:Sinh[\/—a2 X" Log[l—e’“‘"csmh{ﬁx"}] -

2nLog([x] Log{J—a2 x”+\/1—a2 x2" | - Polylog|2, e’ZA"Si”h[ﬁX"H])/
[2\/—a2 n\/—1+ax” \/1+ax”

Problem 266: Unable to integrate problem.
(aerAr‘cCosh[E])3
[

1+cx

dx
1-c2x?
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Optimal (type 4, 265 leaves, 8 steps):

4 3 2 ArcCosh | Y2
(a+bAr‘cCosh[E}) (a+bAr‘cCosh[E}) Log[l+e frex ]
1+CX B irex -
4bc C
A 1l-cx
2 2 ArcCosh | ~——
3b (a+bAr‘cCosh[@]) PolyLog[2, -e Varex H
A1+ x .
2c¢C
\ 1-cx —
2 ArcCosh } W 1-cx
2 Viex [trcx 2 ArcCosh| ~——"—
3b (a+bAr‘cCosh[ — }) PolylLog[3, -e Vaex ] ) 3b% Polylog[4, -e {wcx }]
2c 4c
Result (type 8, 42leaves):
3
(a +b ArcCosh | @] )
A/ 1+C X dx
1-c2x?

Problem 267: Unable to integrate problem.

l+cx

dx

J (a + bAr‘cCosh[@] )2

1-c2x?

Optimal (type 4, 197 leaves, 7 steps):

—
A 1-cx

2 ArcCosh
(a+bAr‘cCosh[@})3 (a+bAr‘cCosh[@})2Log[1+e Jre 7]
1+cx B WV 1l+cx _
3bc c
- 2Ar‘cCosh{\1i 2 ArcCosh Jicex
b a+bAr‘cCosh[%]) Polylog|2, -e Ve 7] ) b? Polylog[3, - e {\1+cx ]
C 2c

Result (type 8, 42leaves):

J* (a + bArcCosh[@] )2

1+cx

dx
1-c2x?

Problem 268: Unable to integrate problem.

1+cx

dx
1-c2x?

J*a + bAr‘cCosh[@]

Optimal (type 4, 133 leaves, 6 steps):
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(a + bAr‘cCosh[@] )2

l+cx

2bc

2 ArcCosh [ Tex }

Jiex
a+ bArcCosh| %] ) Log[1+e "] bpolyLog|2, I ]
C 2c

Result (type 8, 40 leaves):

l+cx

a+bArcCosh]| @]
J dx

1-c2x?

Problem 271: Attempted integration timed out after 120 seconds.

JAr‘cCosh [ce®*] dx

Optimal (type 4, 76 leaves, 6 steps):

ArcCosh|[c e**?X] > ArcCosh [ce?®x] Log[1 + e2ArcCosh[ce™™] ] polylog[2, —e?ArcCoshcer™]]
- + +

2b b 2b

Result (type 1, 1leaves):

PP

Problem 275: Result more than twice size of optimal antiderivative.
JeArcCosh[anbx] dx
Optimal (type 3, 31leaves, 5steps):

eZAr‘cCosh[a+bx] ArcCosh[a 4 bX]

4b 2b

Result (type 3, 69 leaves):

1

—((a+bx) (a+bx+\/—1+a+bx \/1+a+bx)—Log[a+bx+\/—1+a+bx \/1+a+bx]>
2b

Problem 276: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J; dx
X

Optimal (type 3, 100 leaves, 9 steps):
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V-1l+a+bx

bx++v-1+a+bx v1+a+bx +2aArcSinh[—————] +

V2

l1-a Vvl+a+bx
2+/1-a% ArcTan| v Vicas | +alogix]
v1i+a /-1+a+bx

Result (type 3, 141 leaves):

bx++v-1+a+bx vJ1+a+bx +alog(x] +alogla+bx++/-1+a+bx Vl+a+bx |+

2+/-1+a+bx V1+a+bx 21'1(—1+a2+abx)
+

(-1+a2) x VIZa? (-1+a) x

i1-a? Log|

Problem 277: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J  ax
X2

Optimal (type 3, 109 leaves, 9 steps):

a \/—1+a+bx \/1+a+bx
-— - +
X X

2abAr‘cTan[ i-a virarbx }
\/—1+a+bx}7 1ra v/ 1ratbx
V2 V1-a?

Result (type 3, 1401leaves):

2bAr‘cSinh[ +bLog[x]

a \/—1+a+bx \/1+a+bx

- +bLog[x] +
X X

iabLog| . .
bLog[a+bx++-1+a+bx v1+a+bx |- abx

V1-a?

Problem 278: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J  ax
X3

Optimal (type 3, 138 leaves, 7 steps):

2 Afi-a ivarbx
a b+b\/—1+a+bx Vi+a+bx S V-lra+bx (1+a+bx)?? _b Ar‘cTan[w/Ta 1-atbx }

2x%2 X 2(1—a2)x 2(1+a)x2 (1,a2)3/2

Result (type 3, 142leaves):
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1 a 2b “V-l+a+bx \/lta+bx (-1+a%+abx)

2| x2  x (—1+a2) x2

4i/1-a% (—1+az+a bx-i+/1-a%2 +/-1+ra+bx +/1l+a+bx
b? x

(1 _ a2)3/2

ib? Log|

Problem 279: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J ax
X4

Optimal (type 3, 189leaves, 8 steps):

a b ab2+/-1+a+bx \J1+a+bx ab+y-1l+a+bx (1+a+bx)*?
e . _
3x3 2x? 2 (1-a2)%x 2(1-a) (1+a)?x?

((1+a+bx]¥2 (1+a+bx)? ) ab3Ar‘cTan[v%:v%]

(1 7a2>5/2

+

3(1-a%) %
Result (type 3, 179leaves):

2a 3b 1
- - — +

1 .
6 x* X2  (-1+a%)%%

v-1l+a+bx v/1+a+bx (-2-2a*+abx-a’bx+2b>x*+a’ (4+b>x?)) -

4 (lfaz)g/2 [,]'Hj a?+i abx+v/1-a? +/-1+a+bx +/1+a+bx ]
3iab3lo
g[ ab®x

(1_a2>5/2

Problem 280: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
ji dx
x5

Optimal (type 3, 238 leaves, 10 steps):
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a b V-l+a+bx J1+a+bx

— — +

4x* 3x3 4 x4
ab/-1+a+bx V1l+a+bx <3+2a2)b2\/—1+a+bx v1l+a+bx
+ +
12 (1-2a%) %3 24 (1-a2)%x2
~/1a Jirabx
a(13+2a?)b*y/-1+a+bx J1+a+bx ) (1+42%) b‘MrcTan[\/%\/%}
24(1—a2)3x 4(1—a2)7/2

Result (type 3, 198 leaves):

1 6a 8b 1
7*7f—f4\/71+a+bx Vlira+rbx

24 x* X3 x

6+ - +
-1+ a? (-1+a2)? (-1+a2)?

2abx (3+2a2) b2x2 a (13+2a2) b3x3]

1

—3 (1+4a2) b*
(1 _a2>7/2

Log[;mj (1—a2)5/2 [—1+a2+abx—jx/1—a2 vV-1l+a+bx \/1+a+bx)]

b4 (x+4a2x)

Problem 291: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JAr'cCosh [

Optimal (type 3, 58 leaves, 5steps):
bx ] 2 cArcTan| [r-F) cox ]

a+c+b x

}dlx
a+bx

(a+bx) Ar‘cSech[f +

C

b b

Result (type 3, 143 leaves):

x ArcCosh | |+ |Va-c+bx
a+bx
2 b2 (—J‘Lc+\/a—c+bx va+c+bx
ialog|- | +cLogla+bx++a-c+bx Va+c+bx |
a(a+bx)

a-c+bx
b |-— va+c+bx

a+c+bx

|/

| 81
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Summary of Integration Test Results

293 integration problems

A - 224 optimal antiderivatives

B - 9 more than twice size of optimal antiderivatives
C - 46 unnecessarily complex antiderivatives

D - 4 unable tointegrate problems

E - 10integration timeouts



